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- Maxwell equations with magnetic media
 

- Demagnetizing effects
 

- Ferromagnetism:
 

    - spontaneous magnetization 
    - exchange
    - anisotropy
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Maxwell equations

Gauss’s law (1835)

Ampère's law (1826)

+ Maxwell (1861)

absence of magnetic charges

Faraday's law (1831)

Chapter 2

Magnetostatics

2.1 Initial observations

Although the presence of magnetic effect was known since ancient times from the attraction between
magnetite and iron, a scientific understanding of magnetism was not possible until magnetic effect
of electric current was discovered.

• Oersted was the first to pint out that the magnetic field (B magnetic induction) produced
in space by a wire with an electric current had the same effects of the field produced by a
permanent magnet. The conclusion was that they produced the same field.

• Ampere proposed to describe the magnetism of matter by allowing the existence of microscopic
currents jmicro inside the magnetic material.

• Much later (about 1925) it was discovered that the origin of magnetism was in the quantum
nature of electrons (electronic spin).

Regardless of its origin the magnetism of matter can be treated within the classical Maxwell
equations by the introduction of elementary magnetic moment m. In the classical framework, it is
useful to pass from a discrete (atomic) to a continuous description of the magnetized matter by the
introduction of local averages.

F (r) =
1

∆V

�

∆V
Fmicrod

3r (2.1)

2.2 Maxwell equations

Maxwell equations in vacuum are

∇ ·E =
ρ

�0
(2.2)

∇ ·B = 0 (2.3)

∇×E = −∂B

∂t
(2.4)

∇×B = µ0j+ µ0�0
∂E

∂t
(2.5)

where �0 = 1/(c2µ0) = 8.85 · 10−12 F/m and
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electric field

magnetic induction field

electric charge density

electric current density
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2.2 Maxwell equations

Maxwell equations are

∇ · �E =
ρ

�0
(2.2)

∇ · �B = 0 (2.3)

∇× �E = −d �B

dt
(2.4)

∇× �B = µ0
�j + µ0�0

d �E

dt
(2.5)

where �0 = 1/(c2µ0) = 8.85 · 10−12 F/m and µ0 = 4π · 10−7 H/m. Maxwell
equations contain

• The electric charge is the source of the electric field
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The speed of light
c = 2.99792458 × 108 m s-1
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where the place for magnetized matter?
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The magnetic induction field (B) produced in space by 

- a wire with electric current 

- a permanent magnet

A. M. Ampere (1775-1836)

H. C. Oersted (1777 - 1851)

“is the same!”

“..then 
magnetic materials must be 

composed by many microscopic 
current loops”
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Ampere hypothesis

A.M.Ampere (1775-1836)

“Magnetic materials should be 
composed by many microscopic 

current loops”

The resulting field is

B =
µ0

4π

�
j(r�)× (r− r�)

|r− r�|3 d3r� (2.17)

Biot-Savart law is

B =
µ0I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.18)

H =
I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.19)

2.3.1 Dipole field

Let us take the currents in a limited region of space Ω and the fields far from it. We have

A =
µ0

4π

�
1

r

�

Ω
j(r�)d3r� +

1

r3

�

Ω
(r · r�)j(r�)d3r� + ...

�
(2.20)

The first term is zero while the second term is transformed into

A =
µ0

4π

m× r

r3
(2.21)

where

m =

�

Ω

r� × j(r�)

2
d3r� (2.22)

or, if the moment is produced by the motion of a particle of charge q0 and mass m0

m =
q0
2m0

L (2.23)

µB =
e

2me
� (2.24)

where L is the angular momentum. An elementary magnetic moment produce in space the dipolar
field.

B =
µ0

4π

�
3r(r ·m)

r5
− m

r3

�
(2.25)

2.3.2 Magnetized media

Let us define the average of the microscopic currents

jM (r) =
1

∆V

�

∆V
jmicro(r

�)d3r� (2.26)

as magnetization currents. We have

∇ · jM (r) = 0 (2.27)

Let us define the magnetization currents as

jM = ∇×M (2.28)
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moving averages

magnetizing currents
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1) Take the moving average of the microscopic currents

2) that are defined only inside the magnetic body

3) With zero divergence we can introduce M

V. Basso, Basic magnetism,  AIMAG School Perugia 2025



Magnetized media

The resulting field is

B =
µ0

4π

�
j(r�)× (r− r�)

|r− r�|3 d3r� (2.17)

Biot-Savart law is

B =
µ0I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.18)

H =
I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.19)

2.3.1 Dipole field

Let us take the currents in a limited region of space Ω and the fields far from it. We have

A =
µ0

4π

�
1

r

�

Ω
j(r�)d3r� +

1

r3

�

Ω
(r · r�)j(r�)d3r� + ...

�
(2.20)

The first term is zero while the second term is transformed into

A =
µ0

4π

m× r

r3
(2.21)

where

m =

�

Ω

r� × j(r�)

2
d3r� (2.22)

or, if the moment is produced by the motion of a particle of charge q0 and mass m0

m =
q0
2m0

L (2.23)

µB =
e

2me
� (2.24)

where L is the angular momentum. An elementary magnetic moment produce in space the dipolar
field.

B =
µ0

4π

�
3r(r ·m)

r5
− m

r3

�
(2.25)

2.3.2 Magnetized media

Let us define the average of the microscopic currents

jM (r) =
1

∆V

�

∆V
jmicro(r

�)d3r� (2.26)

as magnetization currents. We have

∇ · jM (r) = 0 (2.27)

Let us define the magnetization currents as

jM = ∇×M (2.28)

7

magnetization

then

m =

�

Ω

r� × (∇×M(r�))

2
d3r� =

�

Ω
M(r�)d3r� (2.29)

The previous equation shows that the magnetization field M(r) is the volume density of magnetic
moment. M(H) is the constitutive equation of the material.

∇×B = µ0j+ µ0�0
∂E

∂t
(2.30)

j → j+ jM (2.31)

∇×B = µ0j+ µ0jM + µ0�0
∂E

∂t
(2.32)

∇× (B−M) = µ0j+ µ0�0
∂E

∂t
(2.33)

∇×H = j+ �0
∂E

∂t
(2.34)

µ0H = B−M (2.35)

For linear materials one has the constitutive relations

B = µH (2.36)

M = χH (2.37)

using the permeability µ or the susceptibility χ related by µ = µ0(1 + χ).

• χ < 0 diamagnet

• χ > 0 paramagnet

• χ >> 1 ferromagnet, that are non-linear and with hysteresis.

2.3.3 Maxwell equations in mattter

By introducing also polarizable matter and its constitutive equation P(E) we can write the Maxwell
equation in the medial as

∇ ·D = ρ (2.38)

∇ ·B = 0 (2.39)

∇×E = −∂B

∂t
(2.40)

∇×H = j+
∂D

∂t
(2.41)

where
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moment. M(H) is the constitutive equation of the material.

∇×B = µ0j+ µ0�0
∂E

∂t
(2.30)

j → j+ jM (2.31)

∇×B = µ0j+ µ0jM + µ0�0
∂E

∂t
(2.32)

∇× (B− µ0M) = µ0j+ µ0�0
∂E

∂t
(2.33)

∇×H = j+ �0
∂E

∂t
(2.34)

µ0H = B− µ0M (2.35)

For linear materials one has the constitutive relations

B = µH (2.36)

M = χH (2.37)

using the permeability µ or the susceptibility χ related by µ = µ0(1 + χ).

• χ < 0 diamagnet

• χ > 0 paramagnet

• χ >> 1 ferromagnet, that are non-linear and with hysteresis.

2.3.3 Maxwell equations in mattter

By introducing also polarizable matter and its constitutive equation P(E) we can write the Maxwell
equation in the medial as

∇ ·D = ρ (2.38)

∇ ·B = 0 (2.39)

∇×E = −∂B

∂t
(2.40)

∇×H = j+
∂D

∂t
(2.41)

where
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Magnetized media

M is the density of magnetic momentmagnetic dipole moment

2.1.2 Magnetized matter

Although the presence of magnetic effect of matter was known since ancient times from the attrac-
tion between magnetite and iron, a scientific understanding of magnetism was not possible until
the magnetic effect of the electric current was discovered.

• H. C. Oersted (1777 - 1851) was the first to point out that the magnetic field (B magnetic
induction) produced in space by a wire with an electric current had the same effects of the
field produced by a permanent magnet. The conclusion was that they produced the same
field.

• A. M. Ampere (1775-1836) proposed to describe the magnetism of matter by allowing the
existence of microscopic currents jmicro inside the magnetic material.

• Much later (about 1925) it was discovered that the origin of magnetism was in the quantum
nature of electrons (electronic spin).

Regardless of its origin, the magnetism of matter can be treated within the classical Maxwell
equations by the introduction of the elementary magnetic moment m at same microscopic (atomic)
scale. However in the classical framework of Maxwell equations we need to pass from a discrete
(atomic) description to a continuous one. To do this it is useful to introduce the concept of local
averages. Take the field Fmicro which is highly discontinuous at a small (atomic) scale. Take the
point r and make an average over a small volume ∆V

F (r) =
1

∆V

�

∆V
Fmicro(r)d

3r� (2.18)

∆V is large enough to contain many microscopic units (atoms) and small enough with resect of the
length scale of the description of our vector field. From this point all the fields we will deal with
will be local averages.

Let us immediately apply the local average to the microscopic currents inside the magnetic
material jmicro of Ampere. The result of this average is called magnetizing currents

jM (r) =
1

∆V

�

∆V
jmicro(r

�)d3r� (2.19)

As the currents are limited inside the magnetic materials we also have that their divergence is zero

∇ · jM (r) = 0 (2.20)

therefore we are allowed to define another vector field, the magnetization field M, giving

jM = ∇×M (2.21)

In the next unit we will learn how to compute a property of a distribution of current which is called
magnetic moment. The the total magnetic moment of the magnetizing currents is

µ =

�

Ω

r� × (∇×M(r�))

2
d3r� =

�

Ω
M(r�)d3r� (2.22)

If we compute this interagral in terms of the magnetization vector we find

µ =

�

Ω
M(r�)d3r� (2.23)

This means that the magnetic moment is the volume integral of the magnetization. The previous
equation shows that the magnetization vector M(r) is nothing else than the volume density of

7

magnetic dipole moment

2.2 Magnetostatics

2.2.1 Magnetostatics with electric currents

We first limit ourselves to the case in which currents are stationary, i.e. time independent, the
Maxwell equations reduces to

�
∇ ·B = 0
∇×B = µ0j

(2.42)

and we also have

∇ · j = 0 (2.43)

These are the equations of magnetostatics. As ∇ ·B = 0 we can we introduce a vector potential A
such that B = ∇×A. We have therefore the equation

∇×∇×A = ∇(∇ ·A)−∇2A = µ0j (2.44)

There is still a degree of freedom in the choice of the vector potential. This is called the Gauge. In
the Coulomb gauge one chooses ∇ ·A = 0 and get the Poisson equation

∇2A = −µ0j (2.45)

With solution

A =
µ0

4π

�
j(r�)

|r− r�|d
3r� (2.46)

The resulting field is

B =
µ0

4π

�
j(r�)× (r− r�)

|r− r�|3 d3r� (2.47)

If the current density is concentrated in the path (circuit) l(r) one has the The Biot-Savart law

B =
µ0I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.48)

2.2.2 Dipole field

Let us take the currents in a small region of space Ω and take the fields far from it. We have

A =
µ0

4π

�
1

r

�

Ω
j(r�)d3r� +

1

r3

�

Ω
(r · r�)j(r�)d3r� + ...

�
(2.49)

The first term is zero while the second term is transformed into

A =
µ0

4π

µ× r

r3
(2.50)

where

µ =

�

Ω

r� × j(r�)

2
d3r� (2.51)

is the magnetic moment of the distribution of currents. The result is the dipole field
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Magnetization M

The resulting field is

B =
µ0

4π

�
j(r�)× (r− r�)

|r− r�|3 d3r� (2.17)

Biot-Savart law is

B =
µ0I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.18)

H =
I

4π

�
dl(r�)× (r− r�)

|r− r�|3 d3r� (2.19)

2.3.1 Dipole field

Let us take the currents in a limited region of space Ω and the fields far from it. We have

A =
µ0

4π

�
1

r

�

Ω
j(r�)d3r� +

1

r3

�

Ω
(r · r�)j(r�)d3r� + ...

�
(2.20)

The first term is zero while the second term is transformed into

A =
µ0

4π

m× r

r3
(2.21)

where

m =

�

Ω

r� × j(r�)

2
d3r� (2.22)

or, if the moment is produced by the motion of a particle of charge q0 and mass m0

m =
q0
2m0

L (2.23)

µB =
e

2me
� (2.24)

where L is the angular momentum. An elementary magnetic moment produce in space the dipolar
field.

B =
µ0

4π

�
3r(r ·m)

r5
− m

r3

�
(2.25)

2.3.2 Magnetized media

Let us define the average of the microscopic currents

jM (r) =
1

∆V

�

∆V
jmicro(r

�)d3r� (2.26)

as magnetization currents. We have

∇ · jM (r) = 0 (2.27)

Let us define the magnetization currents as

jM = ∇×M (2.28)
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Maxwell equations

Gauss’s law (1835)

Ampère's law (1826)

+ Maxwell (1861)

absence of magnetic charges

Faraday's law (1831)

electric displacement field

magnetic induction field

electric current density

then

m =

�

Ω

r� × (∇×M(r�))

2
d3r� =

�

Ω
M(r�)d3r� (2.29)

The previous equation shows that the magnetization field M(r) is the volume density of magnetic
moment. M(H) is the constitutive equation of the material.

∇×B = µ0j+ µ0�0
∂E

∂t
(2.30)

j → j+ jM (2.31)

∇×B = µ0j+ µ0jM + µ0�0
∂E

∂t
(2.32)

∇× (B−M) = µ0j+ µ0�0
∂E

∂t
(2.33)

∇×H = j+ �0
∂E

∂t
(2.34)

µ0H = B−M (2.35)

For linear materials one has the constitutive relations

B = µH (2.36)

M = χH (2.37)

using the permeability µ or the susceptibility χ related by µ = µ0(1 + χ).

• χ < 0 diamagnet

• χ > 0 paramagnet

• χ >> 1 ferromagnet, that are non-linear and with hysteresis.

2.3.3 Maxwell equations in mattter

By introducing also polarizable matter and its constitutive equation P(E) we can write the Maxwell
equation in the medial as

∇ ·D = ρ (2.38)

∇ ·B = 0 (2.39)

∇×E = −∂B

∂t
(2.40)

∇×H = j+
∂D

∂t
(2.41)

where
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in matter

electric field

magnetic field

electric charge density

D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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then

m =

�

Ω

r� × (∇×M(r�))

2
d3r� =

�

Ω
M(r�)d3r� (2.29)

The previous equation shows that the magnetization field M(r) is the volume density of magnetic
moment. M(H) is the constitutive equation of the material.

∇×B = µ0j+ µ0�0
∂E

∂t
(2.30)

j → j+ jM (2.31)

∇×B = µ0j+ µ0jM + µ0�0
∂E

∂t
(2.32)

∇× (B− µ0M) = µ0j+ µ0�0
∂E

∂t
(2.33)

∇×H = j+ �0
∂E

∂t
(2.34)

µ0H = B− µ0M (2.35)

For linear materials one has the constitutive relations

B = µH (2.36)

M = χH (2.37)

using the permeability µ or the susceptibility χ related by µ = µ0(1 + χ).

• χ < 0 diamagnet

• χ > 0 paramagnet

• χ >> 1 ferromagnet, that are non-linear and with hysteresis.

2.3.3 Maxwell equations in mattter

By introducing also polarizable matter and its constitutive equation P(E) we can write the Maxwell
equation in the medial as

∇ ·D = ρ (2.38)

∇ ·B = 0 (2.39)

∇×E = −∂B

∂t
(2.40)

∇×H = j+
∂D

∂t
(2.41)

where
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D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

P(E) (2.46)

B = µ0H+ µ0M (2.47)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.48)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.49)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.50)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.51)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.52)

The potential obeys the Poisson equation

∇2φM = −ρM (2.53)

with solution
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D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

P(E) (2.46)

B = µ0H+ µ0M (2.47)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.48)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.49)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.50)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.51)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.52)

The potential obeys the Poisson equation

∇2φM = −ρM (2.53)

with solution

9
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Maxwell equations

Gauss’s law (1835)

Ampère's law (1826)

+ Maxwell (1861)

absence of magnetic charges

Faraday's law (1831)

then

m =

�

Ω

r� × (∇×M(r�))

2
d3r� =

�

Ω
M(r�)d3r� (2.29)

The previous equation shows that the magnetization field M(r) is the volume density of magnetic
moment. M(H) is the constitutive equation of the material.

∇×B = µ0j+ µ0�0
∂E

∂t
(2.30)

j → j+ jM (2.31)

∇×B = µ0j+ µ0jM + µ0�0
∂E

∂t
(2.32)

∇× (B−M) = µ0j+ µ0�0
∂E

∂t
(2.33)

∇×H = j+ �0
∂E

∂t
(2.34)

µ0H = B−M (2.35)

For linear materials one has the constitutive relations

B = µH (2.36)

M = χH (2.37)

using the permeability µ or the susceptibility χ related by µ = µ0(1 + χ).

• χ < 0 diamagnet

• χ > 0 paramagnet

• χ >> 1 ferromagnet, that are non-linear and with hysteresis.

2.3.3 Maxwell equations in mattter

By introducing also polarizable matter and its constitutive equation P(E) we can write the Maxwell
equation in the medial as

∇ ·D = ρ (2.38)

∇ ·B = 0 (2.39)

∇×E = −∂B

∂t
(2.40)

∇×H = j+
∂D

∂t
(2.41)

where
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Magnetostatics

Equations of magnetostatics

D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.

9
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Magnetostatics

Equations for the magnetostatic field

conservative

D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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Magnetostatics
Equations for the magnetostatic field

conservative

D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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1) Introduce the magnetic scalar potential

2) Obtain a Poisson equation for the scalar potential

D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
∇ ·H = −∇ ·M
∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have

�
∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π

�

V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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The divergence of M takes the role 
of a charge density
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The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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3) Obtain a formal solution

V. Basso, Basic magnetism,  AIMAG School Perugia 2025



Magnetostatics
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1) The solution

contains contributions form the volume and from the surface

2) Both are extremely important in magnetic materials

volume

surface

stray fields 

demagnetizing field
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Demagnetizing field

with uniform magnetization

the magnetostatic field

 is uniform inside the body for ellipsoids!

and form a magnetic moment because the electrons fill only one kind of spin
band (say up spin). This continues up to the filling at which the up-spin band
is full which occurs at nd = 7.5 with e/a = 33/4 = 8.25. This is called weak fer-
romagnetism, i.e. both spin up and spin down bands are partially filled. When
nd increases above 7.5 the electrons start to fill the down spin band and the
magnetic moment decreases accordingly. This is called strong ferromagnetism,
i.e. the spin spin up band is completely filled. For weak ferromagnets the num-
ber of Bohr magnetons is then nB = nd − 5 while for strong ferromagnets is
nB = 10− nd. This theory gives the following values:

Element z e configuration (e/a) 4s3d nB experimental
Chromium (Cr) 24 [Ar] 3d5 4s1 6 0.0 0.0
Manganese (Mn) 25 [Ar] 3d5 4s2 7 1.11 AF

Iron (Fe) 26 [Ar] 3d6 4s2 8 2.22 2.2
Cobalt (Co) 27 [Ar] 3d7 4s2 9 1.67 1.7
Nickel (Ni) 28 [Ar] 3d8 4s2 10 0.55 0.6
Copper (Cu) 29 [Ar] 3d10 4s1 11 0.00 0.00

11.6 Units

11.6.1 SI
�B = µ0( �H + �M) (11.46)

• B is the magnetic induction or magnetic flux density measured in Tesla
[T]

• M is the magnetization measured in [Am−1]. It is also used polarization
J = µ0M in [T].

• H is the magnetic field measured in [Am−1]

11.6.2 cgs

∇ · �E = 4πρ (11.47)

∇ · �B = 0 (11.48)

∇× �E = −1

c

d �B

dt
(11.49)

∇× �B =
1

c

�
4π�j +

d �E

dt

�
(11.50)

�B = �H + 4π �M (11.51)

• B Gauss [G] 1G = 10−4 T (10000 G = 1T)

• M emu cm−3 1 emu cm−3 = 103 A m−1 (1 emu = 1 A m2)

• H Oersted [Oe] 1 Oe = (4π)−1103 A m−1 = 79.6 A m−1.

41

2.3.5 Demagnetizing fields

If the magnetization is uniform inside the body the expression of the magnetic scalar potential
reduces to

φM =
1

4π
M ·

�

Σ

n

|r− r�|d
2r� (2.54)

The magnetic field is particularly simple and uniform in the case of ellipsoid. In that case, inside
the body we have

HM = −NM (2.55)

where N is the demagnetizing tensor. If the three main axis (a, b, c) of the ellipsoid are along the
(x, y, z) coordinate system the tensor is is diagonal and for the three coefficients Na+Nb+Nc = 1.
For a sphere N = 1/3. For a prolate ellipsoid (cigar) r = c/a >> 1 we have:

N� � ln 2r − 1

r2
(2.56)

with r = 10 (a stick) N� = 0.02, with r = 100 (a wire) N� = 4.3 · 10−4, with r = 1000 (a thin wire)
N� = 6.6 · 10−6. For iron µ0Ms � 2 T, Ms = 1.6 · 106 A/m. HM = −NMs � 32000; 700; 10 A/m.

2.4 Exercises

2.4.1 Dipolar fields

Point dipole. The magnetic scalar potential of the dipole is

φM =
1

4π

m · r
r3

(2.57)

The magnetic field of the dipole is

H = −∇φM (2.58)

By taking the moment along z axis: m = mẑ we have

φM =
m

4π

cos θ

r2
(2.59)

The equipotential lines are then (in polar coordinates)

r = ±

�
m

4π

cos θ

φM
(2.60)

The field lines are given by the condition

dl×H = 0 (2.61)

In spherical coordinates the line element is

dl = drr̂ + rdθθ̂ + r sin θdϕϕ̂ (2.62)

From the the condition of parallelism between line and field vectors we have

dr

Hr
=

rdθ

Hθ
(2.63)
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is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
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∇×H = j

(2.47)

If we take the two equations for the magnetostatic field (j = 0) we have
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∇ ·HM = ρM
∇×HM = 0

(2.48)

�
∇ ·HM = −∇ ·M
∇×HM = 0

(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field

�
∇ ·E = ρ/�0
∇×E = 0

(2.50)

Therefore we can define the magnetic scalar potential such that

HM = −∇φM (2.51)

The potential obeys the Poisson equation

∇2φM = −ρM (2.52)

with solution

φM = − 1

4π
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V

∇ ·M(r�)

|r− r�| d3r� +
1

4π

�

Σ

n ·M(r�)

|r− r�| d2r� (2.53)

The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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the body we have

HM = −NM (2.55)

where N is the demagnetizing tensor. If the three main axis (a, b, c) of the ellipsoid are along the
(x, y, z) coordinate system the tensor is is diagonal and for the three coefficients Na+Nb+Nc = 1.
For a sphere N = 1/3. For a prolate ellipsoid (cigar) r = c/a >> 1 we have:

N� � ln 2r − 1

r2
(2.56)

with r = 10 (a stick) N� = 0.02, with r = 100 (a wire) N� = 4.3 · 10−4, with r = 1000 (a thin wire)
N� = 6.6 · 10−6. For iron µ0Ms � 2 T, Ms = 1.6 · 106 A/m. HM = −NMs � 32000; 700; 10 A/m.

2.4 Exercises

2.4.1 Dipolar fields

Point dipole. The magnetic scalar potential of the dipole is

φM =
1

4π

m · r
r3

(2.57)

The magnetic field of the dipole is

H = −∇φM (2.58)

By taking the moment along z axis: m = mẑ we have

φM =
m

4π

cos θ

r2
(2.59)

The equipotential lines are then (in polar coordinates)

r = ±

�
m

4π

cos θ

φM
(2.60)

The field lines are given by the condition

dl×H = 0 (2.61)

In spherical coordinates the line element is

dl = drr̂ + rdθθ̂ + r sin θdϕϕ̂ (2.62)

From the the condition of parallelism between line and field vectors we have

dr
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=

rdθ
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Demagnetizing factor

Demagnetizing coefficient

9 Measurement techniques 22

By using the material properties Bm = Jm + µ0Hm where Jm is the
induction at the work point, we obtain the field in the gap

µ0Hg =
lm
lg

Jm

1 + Sg

Sm

lm
lg

(147)

µ0Hm = − Jm

1 + Sg

Sm

lm
lg

(148)

Bm = −Nlµ0Hm is the load line. The relation with the demagnetizing
field is B = J + µ0H and H = −NdJ/µ0 then J = −µ0H/Nd,

µ0H = −NdJ (149)

1
Nd

− 1 = Nl (150)

Nd =
1

Nl + 1
(151)

Hg = − lm
lg

Hm (152)

The magnetostatic energy in the gap is

Eg =
1
2
µ0

�

gap
H2

g : (153)

Eg =
µ0

2
H2

g lgSg (154)

Eg =
µ0

2
H2

m
l2m
lg

Sg (155)

Eg = −1
2
HmBmlmSm = Em (156)

For an ideal hard magnetic material B = Jr + µ0H. The product −BH
is maximum at

µ0H = −Jr

2
(157)

where

B =
Jr

2
(158)

and

2 Magnetostatics 6

2.3.3 Magnetostatic fields

If we take the two equations for the magnetostatic field (�j = 0) we have
�
∇ · �HM = ρM

∇× �HM = 0
(25)

where we have defined the magnetic charge ρM = −∇ · �M . This equations are
completely analogous to the equations for the electrostatic field

�
∇ · �E = ρ
∇× �E = 0

(26)

Therefore we can define the magnetic scalar potential such that

�HM = −∇φM (27)

The potential obeys the Poisson equation

∇2φM = −ρM (28)

with solution

φM = − 1
4π

� ∇ · �M(�r�)
|�r − �r�| d3r� (29)

• The magnetic field generated by a permanent magnet is the same as the
electric field generated by a plane capacitor.

• The magnetic field is particularly simple in the case of ellipsoid. In that
case, inside the body we have

�HM = −N �M (30)

where N is the demagnetizing tensor. If the three main axis (a, b, c) of the
ellipsoid are along the (x, y, z) coordinate system the tensor is is diagonal
and for the three coefficients Na + Nb + Nc = 1. For a sphere N = 1/3.
For a prolate ellipsoid (cigar) r = c/a >> 1 we have:

N� �
ln 2r − 1

r2
(31)

with r = 10 (a stick) N� = 0.02, with r = 100 (a wire) N� = 4.3 · 10−4,
with r = 1000 (a thin wire) N� = 6.6 · 10−6. For iron µ0Ms � 2 T,
Ms = 1.6 · 106 A/m. HM = −NMs � 32000; 700; 10 A/m.

2.4 Exercises

2.4.1 Dipolar fields

Point dipole. The electric potential of the dipole is

V =
1

4π�0

�p · �r
r3

(32)

c

a

c
a

prolate

oblate
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Prolate

Ndc =
1

r2 − 1

�
r√

r2 − 1
ln

�
r +

�
r2 − 1

�
− 1

�
(32)

Oblate
Ndc =

1
1− r2

�
1− r√

1− r2
arcsin

��
1− r2

��
(33)
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Maxwell equations

Gauss’s law (1835)

Ampère's law (1826)

+ Maxwell (1861)

absence of magnetic charges

Faraday's law (1831)

electric displacement field

magnetic induction field

electric current density

then

m =

�

Ω

r� × (∇×M(r�))

2
d3r� =

�

Ω
M(r�)d3r� (2.29)

The previous equation shows that the magnetization field M(r) is the volume density of magnetic
moment. M(H) is the constitutive equation of the material.

∇×B = µ0j+ µ0�0
∂E

∂t
(2.30)

j → j+ jM (2.31)

∇×B = µ0j+ µ0jM + µ0�0
∂E

∂t
(2.32)

∇× (B−M) = µ0j+ µ0�0
∂E

∂t
(2.33)

∇×H = j+ �0
∂E

∂t
(2.34)

µ0H = B−M (2.35)

For linear materials one has the constitutive relations

B = µH (2.36)

M = χH (2.37)

using the permeability µ or the susceptibility χ related by µ = µ0(1 + χ).

• χ < 0 diamagnet

• χ > 0 paramagnet

• χ >> 1 ferromagnet, that are non-linear and with hysteresis.

2.3.3 Maxwell equations in mattter

By introducing also polarizable matter and its constitutive equation P(E) we can write the Maxwell
equation in the medial as

∇ ·D = ρ (2.38)

∇ ·B = 0 (2.39)

∇×E = −∂B

∂t
(2.40)

∇×H = j+
∂D

∂t
(2.41)

where

8

in matter

electric field

magnetic field

electric charge density

D = �0E+P (2.42)

is the electric displacement and

H =
B

µ0
−M (2.43)

J = µ0M (2.44)

M(H) (2.45)

B = µ0H+ µ0M (2.46)

is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m

2.3.4 Magnetostatic fields

The magnetostatic Maxwell equations are expressed as

�
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(2.47)
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�
∇ ·HM = ρM
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∇ ·HM = −∇ ·M
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(2.49)

where we have defined the magnetic charge ρM = −∇ ·M. This equations are completely analogous
to the equations for the electrostatic field
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�

V
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1
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�

Σ
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The magnetic field generated by a permanent magnet is the same as the electric field generated by
a plane capacitor.
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is the magnetic field.

• B is the magnetic induction or magnetic flux density measure in T (tesla)

• M is the magnetization measured in A/m. It is also used J = µ0M in T.

• H is the magnetic field measured in A/m
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Constitutive equations

Ferromagnets are characterized by a particularly high 
susceptibility.

Weiss: ferromagnets have saturated regions (magnetic 
domains) oriented at random and the magnetic field has 
only to orient the regions (and not the single atomic 
moments).
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Domains were later observed experimentally, 
confirming the Weiss hypothesis.
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Weiss molecular field theory

4.2 Ferromagnetism

4.2.1 Exchange energy

The exchange forces between electrons with different spin can be written as −JijSi · Sj . Jij is the
exchange integral that is positive for ferromagnets and negative for antiferromagnets. In the Weiss
(mean field) model for ferromagnetism the energy is

UW

V
= −µ0

2
NWM2 (4.40)

a typical values for NW is 1000. For ferromagnets it is sufficient to take the magnetization as a
vector of constant amplitude Ms and variable orientation. Therefore we define:

m =
M

Ms
(4.41)

But we have to allow the rotation of the magnetization (from domain to domain). To do this we
have to expand the internal product of neighboring spins −JijSi · Sj . We have the following term:

fEX = const. +A(|∇mx|2 + |∇my|2 + |∇mz|2) (4.42)

For most magnetic materials A = 10−11 J/m.

4.2.2 Anisotropy energy

Anisotropy is an essential ingredient of ferromagnetism. It can be due to shape, magnetoelastic
effects or crystal structure.

Magnetocrystalline anisotropy. In a crystal an atomic electron (negative charge) feels both
the central atomic potential (positive) and the potential of the neighboring atoms in the crystal
structure. This is the crystal field. A negatively charged electron with spin with an angular
momentum around a positive charged ion has a spin orbit interaction. The spin orbit term is
−L · S. Magnetic anisotropy is due to both crystal field and spin orbit. For the electrons of the
inner shells the crystal field is weak and the spin-orbit strong. This is the case of 4f electrics of the
magnetic rare earth elements. THey have a magnetic moment contribution from both orbit and
spin. The spin and the orbit moments remains parallel and both rotates in an applied magnetic
field. The anisotropy energy is therefore due to the weaker element: the crystal field. For electrons
of outer shells the crystal field is extremely strong. So strong that the orbit is almosy completely
quenched, i.e. it is reduced to almost zero L so that the moment is almost entirely carried by the
spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.43)

my = sin θ sinϕ (4.44)

mz = cos θ (4.45)

We can express uniaxial anisotropy as:

21

Forces at the molecular scale keeps the elementary moment parallel
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magnetic rare earth elements. THey have a magnetic moment contribution from both orbit and
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of outer shells the crystal field is extremely strong. So strong that the orbit is almosy completely
quenched, i.e. it is reduced to almost zero L so that the moment is almost entirely carried by the
spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.43)
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We can express uniaxial anisotropy as:
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Temperature dependence
of the spontaneous
magnetization of nickel.
The Curie point at 628 K is
marked.

The hysteresis loop is central to technical magnetism; physicists endeav-
our to explain it, materials scientists aim to improve it and engineers
work to exploit it. The loop combines information on an intrinsic mag-
netic property, the spontaneous magnetization Ms which exists within a
domain of a ferromagnet, and two extrinsic properties, the remanence Mr

and coercivity Hc, which depend on a host of extraneous factors including
the sample shape, surface roughness, microscopic defects and thermal his-
tory, as well as the rate at which the field is swept in order to trace the
loop.

1.2.2 The Curie temperature

The spontaneous magnetization due to alignment of the atomic magnetic
moments depends on temperature, and it falls precipitously to zero at the Curie
temperature TC . The magnetic ordering is a continuous thermodynamic phase
transition with a λ-shaped anomaly in specific heat, associated with disordering
of the atomic dipole moments. Above TC , Ms(T ) is zero; below TC , Ms(T ) is
reversible. This behaviour is illustrated for nickel in Fig. 1.4.

The Curie temperatures of the three ferromagnetic metals, iron, cobalt and
nickel, are 1044 K, 1388 K and 628 K, respectively. No material is known to
have a higher Curie temperature than cobalt. Magnetite has a Curie temperature
of 856 K.

Pierre Curie, 1859–1906.

1.2.3 Coercivity

The progress in the twentieth century which has spawned such a range of
magnetic applications can be summarized in three words – mastery of coercivity.
No new ferromagnetic material has been discovered with a magnetization
greater than that of ‘permendur’, Fe65Co35, for which Ms = 1950 kA m−1, but
coercivity which barely spanned two orders of magnitude in 1900, from the
softest soft iron to the hardest magnet steel, now ranges over eight orders of

Ni

The spontaneous order is lost at the Curie temperature Tc 
where Ms = 0

Pierre Curie 1859 - 1906
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The exchange forces between electrons with different spin can be written as −JijSi · Sj . Jij is the
exchange integral that is positive for ferromagnets and negative for antiferromagnets. In the Weiss
(mean field) model for ferromagnetism the energy is
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2
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a typical values for NW is 1000. For ferromagnets it is sufficient to take the magnetization as a
vector of constant amplitude Ms and variable orientation. Therefore we define:

m =
M

Ms
(4.41)

But we have to allow the rotation of the magnetization (from domain to domain). To do this we
have to expand the internal product of neighboring spins −JijSi · Sj . We have the following term:

fEX = const. +A(|∇mx|2 + |∇my|2 + |∇mz|2) (4.42)

For most magnetic materials A = 10−11 J/m.

4.2.2 Anisotropy energy

Anisotropy is an essential ingredient of ferromagnetism. It can be due to shape, magnetoelastic
effects or crystal structure.

Magnetocrystalline anisotropy. In a crystal an atomic electron (negative charge) feels both
the central atomic potential (positive) and the potential of the neighboring atoms in the crystal
structure. This is the crystal field. A negatively charged electron with spin with an angular
momentum around a positive charged ion has a spin orbit interaction. The spin orbit term is
−L · S. Magnetic anisotropy is due to both crystal field and spin orbit. For the electrons of the
inner shells the crystal field is weak and the spin-orbit strong. This is the case of 4f electrics of the
magnetic rare earth elements. THey have a magnetic moment contribution from both orbit and
spin. The spin and the orbit moments remains parallel and both rotates in an applied magnetic
field. The anisotropy energy is therefore due to the weaker element: the crystal field. For electrons
of outer shells the crystal field is extremely strong. So strong that the orbit is almosy completely
quenched, i.e. it is reduced to almost zero L so that the moment is almost entirely carried by the
spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.43)

my = sin θ sinϕ (4.44)

mz = cos θ (4.45)

We can express uniaxial anisotropy as:
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The hysteresis loop is central to technical magnetism; physicists endeav-
our to explain it, materials scientists aim to improve it and engineers
work to exploit it. The loop combines information on an intrinsic mag-
netic property, the spontaneous magnetization Ms which exists within a
domain of a ferromagnet, and two extrinsic properties, the remanence Mr

and coercivity Hc, which depend on a host of extraneous factors including
the sample shape, surface roughness, microscopic defects and thermal his-
tory, as well as the rate at which the field is swept in order to trace the
loop.

1.2.2 The Curie temperature

The spontaneous magnetization due to alignment of the atomic magnetic
moments depends on temperature, and it falls precipitously to zero at the Curie
temperature TC . The magnetic ordering is a continuous thermodynamic phase
transition with a λ-shaped anomaly in specific heat, associated with disordering
of the atomic dipole moments. Above TC , Ms(T ) is zero; below TC , Ms(T ) is
reversible. This behaviour is illustrated for nickel in Fig. 1.4.

The Curie temperatures of the three ferromagnetic metals, iron, cobalt and
nickel, are 1044 K, 1388 K and 628 K, respectively. No material is known to
have a higher Curie temperature than cobalt. Magnetite has a Curie temperature
of 856 K.
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1.2.3 Coercivity

The progress in the twentieth century which has spawned such a range of
magnetic applications can be summarized in three words – mastery of coercivity.
No new ferromagnetic material has been discovered with a magnetization
greater than that of ‘permendur’, Fe65Co35, for which Ms = 1950 kA m−1, but
coercivity which barely spanned two orders of magnitude in 1900, from the
softest soft iron to the hardest magnet steel, now ranges over eight orders of

Ni

The spontaneous order is lost at the Curie temperature Tc 
where Ms = 0

Spin of electron Quantum mechanics



Atomic electrons are characterized by:
- n, the principal quantum number (n = 1,2,3,.. is the shell number)
- l, the orbital angular momentum quantum number 
                                                   from 0 to n-1 (0 = s; 1 = p; 2 = d; 3 = f)
- ml, the magnetic quantum number (2l+1 values between -l and l)
- s, the spin angular momentum quantum number 
                                                   s=1/2 for electrons 
- ms, the spin quantum number +1/2 or -1/2

Magnetism of atoms

V. Basso, Basic magnetism,  AIMAG School Perugia 2025

Fe: 1s2 
   2s2 2p6 
   3s2 3p6 3d6 
   4s2

Aufbau principle (Bohr)

angular momentum magnetic moment



Chapter 3

Microscopic origin of magnetism

3.1 Atomic magnetic moments

3.1.1 Gyromagnetic ratio of electrons

To understand the origin of the atomic magnetic moments we have to discuss first the angular
momentum of charged particles and consider the gyromagnetic ratio, i.e. the ratio between the
magnetic moment and the angular momentum (see for example [?], [8] Ch.3). Let us consider a
particle of mass m and charge q. Consider a circular orbit of radius r. If the angular velocity is !,
the angular momentum L is given by:

L = I! = m!r
2 (3.1)

where I = mr
2 is the moment of inertia. The electric charge q creates an electric current

i = q
!

2⇡
(3.2)

with a magnetic moment µ = iA, where the loop area is A = ⇡r
2,

µ = q
!

2
r
2 (3.3)

The gyromagnetic ratio � = µ/L is:

� =
q

2m
(3.4)

and for a classical electron

� = � e

2me

(3.5)

But in quantum mechanics electrons behave di↵erently. Along the quantization axis (say z) the
orbital angular momentum can assume values which are integer multiple of }:

Lz = ml} (3.6)

where ml is an integer (magnetic quantum number). The magnetic moment µ results:

µ =
e~
2me

ml = mlµB (3.7)
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where we have defined the Bohr magneton

µB =
e~
2me

(3.8)

The gyromagnetic ratio for quantum orbital motion, � = �e/(2me) results to be the same as for
classical particles. However elementary particles can have also a spin angular momentum S and
electrons

S = ms

}
2

(3.9)

with ms = ±1. The gyromagnetic ratio for the spin (now defined as � = µ/S) is di↵erent from the
one of the orbital motion. For electrons

�e = � gee

2me

(3.10)

with

ge = 2
⇣
1 +

↵

2⇡
+ ...

⌘
(3.11)

where ↵ = (137.035999084(21))�1 is the fine structure constant. ge for the electron spin is approx-
imately 2, i.e. twice of orbital motion. The magnetic moment of the spin is therefore

µ = ge
e~
2me

ms = ms(ge/2)µB (3.12)

To generalize the previous results one can write the magnetic moment as

µ = �J (3.13)

where J is the total angular momentum and

� = � ge

2me

(3.14)

with g is the Landé g-factor, obtained by the combination of spin and orbit. It is particularly
interesting to consider the case of atoms with several electrons.

3.1.2 Quantum numbers for atomic electron shells and Hund’s rule

Let us consider now an atom with several electrons. The central potential created by the positively
charged nucleus gives rise to energy levels or orbitals for the negative electrons. The electron shells
are described by four quantum numbers that are summarized in the following scheme:

• n, the principal quantum number
n = 1, 2, 3, .. is the shell number

• l, the orbital angular momentum quantum number
l assumes values from 0 to n � 1 (0 = s; 1 = p; 2 = d; 3 = f). If we take the shell n = 3
we may have l = 0, 1, 2, (i.e. 3s, 3p, 3d). The total angular momentum is [l(l + 1)]1/2}.
Therefore, to make an example, the total angular momentum of an electron in the s shell is
0, in the p shell is

p
2} in the d shell is

p
6} and in the f shell is

p
12}
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p
6} and in the f shell is

p
12}
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Magnetism of atoms

Bohr magneton

V. Basso, Basic magnetism,  AIMAG School Perugia 2025

μ=γL

μ=γeS

μ = μB ml

μ = μB 2ms

n of 3d electrons ions S L J gJ gJJ

0 Sc3+ 0 0 0 - 0.00
1 Ti3+, V4+ 1/2 2 3/2 4/5 1.20
2 V3+, Ti2+ 2/2 3 4/2 2/3 1.33
3 Cr3+, V2+ 3/2 3 3/2 2/5 0.60
4 Mn3+, Cr2+ 4/2 2 0 - 0.00
5 Fe3+, Mn2+ 5/2 0 5/2 2 5.00
6 Co3+, Fe2+ 4/2 2 8/2 3/2 6.00
7 Ni3+, Co2+ 3/2 3 9/2 4/3 6.00
8 Cu3+, Ni2+ 2/2 3 8/2 5/4 5.00
9 Zn3+, Cu2+ 1/2 2 5/2 6/5 3.00
10 Ga3+, Zn2+ 0 0 0 - 0.00

3.2 Dia- and paramagnetism

3.3 Ferromagnetism

• Ferromagnets are characterized by a particularly high susceptibility.

• This fact was explained by Weiss my making the hypothesis that a ferromagnet has saturated
regions (magnetic domains) oriented at random and the magnetic field has only to orient the
regions (and not the single atomic moments).

• Domains were later observed experimentally, confirming the Weiss hypothesis.

• The spontaneous magnetization Ms(T ) is a distinctive property of a ferromagnet

• The spontaneous order is lost at the Curie temperature Tc where Ms = 0

It is good to know some numbers of known ferromagnets (metals of pure elements):

Tc (K) µ0Ms(4 K) (T) µ0Ms(290 K) (T)
Fe 1043 2.22 2.16
Co 1388 1.85 1.82
Ni 627 0.64 0.62

In 3d ferromagnets (Fe,Co,Ni) the microscopic origin of M is the electron spin. Each electron
spin carries an elementary moment (almost i.e. (ge/2 ' 1)) equal to the Bohr magneton where
µB = 9.27 · 10�24 Am2 or µBNA = 5.58 Am2mol�1. Ferromagnetic transition metals like Fe,Co
and Ni, have large Curie temperatures and large magnetic moments (data from O’Handley book ).
By using the formula

µ0Ms = µ0 ne µBNA

�

m
(3.26)

we obtain the following table.
µ0Ms(4 K) (T) � (kg m�3) m (kg mol�1) ne

Fe 2.22 7874 0.0558 2.24
Co 1.85 8900 0.0589 1.75
Ni 0.64 8908 0.0587 0.60
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Frequently used fundamental physical constants

1 second = 9 192 631 770 periods of radiation corresponding to the transition

speed of light in vacuum 299 792 458  m s1

Planck constant 6.6261 × 1034 J s 
elementary charge
electron mass

proton mass
fine-structure constant 1/137.036
Rydberg constant 10 973 732  m1

Boltzmann constant 1.3807 × 1023 J K 1
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h
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For the most accurate values of these and other constants, visit physics.nist.gov/constants

between the two hyperfine levels of the ground state of 133Cs 
(exact)

0.5110  MeV

13.6057  eV

R
R c
R hc

( /2 )

mec
2

mp

1.6022 × 1019 C 
9.1094 × 1031 kg

1.6726 × 1027 kg 

3.289 842 × 1015 Hz

V. Basso, Basic magnetism,  AIMAG School Perugia 2025
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Frequently used fundamental physical constants

1 second = 9 192 631 770 periods of radiation corresponding to the transition

speed of light in vacuum 299 792 458  m s1

Planck constant 6.6261 × 1034 J s 
elementary charge
electron mass

proton mass
fine-structure constant 1/137.036
Rydberg constant 10 973 732  m1

Boltzmann constant 1.3807 × 1023 J K 1

c
h
e
me

k

For the most accurate values of these and other constants, visit physics.nist.gov/constants

between the two hyperfine levels of the ground state of 133Cs 
(exact)

0.5110  MeV

13.6057  eV

R
R c
R hc

( /2 )

mec
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mp

1.6022 × 1019 C 
9.1094 × 1031 kg

1.6726 × 1027 kg 

3.289 842 × 1015 Hz

V. Basso, Basic magnetism,  AIMAG School Perugia 2025
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Ce
Cerium

140.116

5.5387

°

Atomic
Number

Symbol

Name

Ground-state
Configuration

Ground-state
Level

Ionization
Energy (eV)

†Based upon 12C.  () indicates the mass number of the most stable isotope. 

Atomic
Weight†

P  E  R  I  O  D  I  C     T  A  B  L  E

Atomic Properties of the Elements

 29
Cu
Copper
63.546

7.7264

 11
Na
Sodium

22.989770

5.1391

 12
Mg

Magnesium
24.3050

7.6462

 13
Al

Aluminum
26.981538

5.9858

 14
Si
Silicon

28.0855

8.1517

 15
P

Phosphorus
30.973761

10.4867

 16
S

Sulfur
32.065

10.3600

 17
Cl

Chlorine
35.453

12.9676

 18
Ar
Argon
39.948

15.7596

 1 2S1/2

H
Hydrogen
1.00794

13.5984

 4
Be
Beryllium
9.012182

9.3227

 37
Rb
Rubidium
85.4678

4.1771

 55
Cs
Cesium

132.90545

3.8939

 42
Mo

Molybdenum
95.94

7.0924

 41
Nb
Niobium

92.90638

6.7589

 86
Rn
Radon
(222)

10.7485

 74
W

Tungsten
183.84

7.8640

 43
Tc

Technetium
(98)

7.28

 75
Re
Rhenium
186.207

7.8335

 44
Ru

Ruthenium
101.07

7.3605

 76
Os
Osmium
190.23

8.4382

 45
Rh
Rhodium

102.90550

7.4589

 77
Ir

Iridium
192.217

8.9670

 46
Pd

Palladium
106.42

8.3369

 78
Pt

Platinum
195.078

8.9588

 47
Ag

Silver
107.8682

7.5762

 79
Au

Gold
196.96655

9.2255

 48
Cd

Cadmium
112.411

8.9938

 80
Hg
Mercury
200.59

10.4375

 60
Nd

Neodymium
144.24

5.5250

 62
Sm
Samarium

150.36

5.6437

 63
Eu

Europium
151.964

5.6704

 64
Gd

Gadolinium
157.25

6.1498

 65
Tb
Terbium

158.92534

5.8638

 61
Pm

Promethium
(145)

5.582

 66
Dy

Dysprosium
162.500

5.9389

 67
Ho
Holmium

164.93032

6.0215

 68
Er
Erbium
167.259

6.1077

 69
Tm
Thulium

168.93421

6.1843

 49
In
Indium

114.818

5.7864

 50
Sn

Tin
118.710

7.3439

 51
Sb

Antimony
121.760

8.6084

 52
Te

Tellurium
127.60

9.0096

 53
I

Iodine
126.90447

10.4513

 81
Tl

Thallium
204.3833

6.1082

 82
Pb

Lead
207.2

7.4167

 83
Bi

Bismuth
208.98038

7.2855

 84
Po

Polonium
(209)

8.414

 85
At

Astatine
(210)

 58
Ce
Cerium
140.116

5.5387

 59
Pr

Praseodymium
140.90765

5.473

 70
Yb

Ytterbium
173.04

6.2542

 90
Th
Thorium

232.0381

6.3067

 92
U

Uranium
238.02891

6.1941

 93
Np

Neptunium
(237)

6.2657

 94
Pu

Plutonium
(244)

6.0260

 95
Am
Americium

(243)

5.9738

 96
Cm

Curium
(247)

5.9914

 91
Pa

Protactinium
231.03588

5.89

 97
Bk

Berkelium
(247)

6.1979

 98
Cf

Californium
(251)

6.2817

 99
Es

Einsteinium
(252)

6.42

 100
Fm
Fermium

(257)

6.50

 101
Md

Mendelevium
(258)

6.58

 102
No
Nobelium

(259)

6.65

° ° °

° °

° °

°

°

° ° ° ° ° ° °

?°

°

°

° °

° °

° ° ° °°

 105  107 106  108  109  111 110  112
Db
Dubnium

(262)

Sg
Seaborgium

(266)

Hs
Hassium

(277)

Bh
Bohrium

(264)

Mt
Meitnerium

(268)

Uun
Ununnilium

(281)

Uuu
Unununium

(272)

°

1s

 114  116

 3

1s22s

Li
Lithium
6.941

5.3917

 10
Ne

Neon
20.1797

21.5645

 2
He
Helium

4.002602

24.5874

 9
O

Oxygen
15.9994

13.6181

 8
F

Fluorine
18.9984032

17.4228

 7
N

Nitrogen
14.0067

14.5341

 6
C

Carbon
12.0107

11.2603

 5
B

Boron
10.811

8.2980

 57
La

Lanthanum
138.9055

5.5769

 89
Ac
Actinium

(227)

5.17

 71
Lu
Lutetium
174.967

5.4259

 103
Lr

Lawrencium
(262)

4.9 ?

 87
Fr

Francium
(223)

4.0727

 88
Ra
Radium
(226)

5.2784

 104  ?

Rf
Rutherfordium

(261)

6.0 ?

 72
Hf

Hafnium
178.49

6.8251

 40
Zr

Zirconium
91.224

6.6339

 39
Y

Yttrium
88.90585

6.2173

 38
Sr

Strontium
87.62

5.6949

 56
Ba
Barium

137.327

5.2117

 73
Ta

Tantalum
180.9479

7.5496

 54
Xe
Xenon

131.293

12.1298

 19
K

Potassium
39.0983

4.3407

 20
Ca
Calcium
40.078

6.1132

 21
Sc

Scandium
44.955910

6.5615

 22
Ti

Titanium
47.867

6.8281

 30
Zn

Zinc
65.409

9.3942

 31
Ga
Gallium
69.723

5.9993

 32
Ge

Germanium
72.64

7.8994

 33
As
Arsenic

74.92160

9.7886

 34
Se

Selenium
78.96

9.7524

 35
Br

Bromine
79.904

11.8138

 36
Kr
Krypton
83.798

13.9996

 23
V

Vanadium
50.9415

6.7462

 24
Cr

Chromium
51.9961

6.7665

 25
Mn

Manganese
54.938049

7.4340

 26
Fe

Iron
55.845

7.9024

 27
Co
Cobalt

58.933200

7.8810

 28
Ni
Nickel

58.6934

7.6398

Uub
Ununbium

(285)

Uuq
Ununquadium

(289)

Uuh
Ununhexium

(292)
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For a description of the data, visit physics.nist.gov/data 
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Frequently used fundamental physical constants

1 second = 9 192 631 770 periods of radiation corresponding to the transition

speed of light in vacuum 299 792 458  m s1

Planck constant 6.6261 × 1034 J s 
elementary charge
electron mass

proton mass
fine-structure constant 1/137.036
Rydberg constant 10 973 732  m1

Boltzmann constant 1.3807 × 1023 J K 1

c
h
e
me

k

For the most accurate values of these and other constants, visit physics.nist.gov/constants

between the two hyperfine levels of the ground state of 133Cs 
(exact)

0.5110  MeV

13.6057  eV

R
R c
R hc

( /2 )

mec
2

mp

1.6022 × 1019 C 
9.1094 × 1031 kg

1.6726 × 1027 kg 

3.289 842 × 1015 Hz

3d

V. Basso, Basic magnetism,  AIMAG School Perugia 2025

10  electrons with   ml= -2,-1,0,+1,+2   ms= -1/2, +1/2
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Ce
Cerium

140.116

5.5387

°

Atomic
Number
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Name

Ground-state
Configuration

Ground-state
Level

Ionization
Energy (eV)

†Based upon 12C.  () indicates the mass number of the most stable isotope. 

Atomic
Weight†

P  E  R  I  O  D  I  C     T  A  B  L  E

Atomic Properties of the Elements

 29
Cu
Copper
63.546

7.7264

 11
Na
Sodium

22.989770

5.1391

 12
Mg

Magnesium
24.3050

7.6462

 13
Al

Aluminum
26.981538

5.9858

 14
Si
Silicon

28.0855

8.1517

 15
P

Phosphorus
30.973761

10.4867

 16
S

Sulfur
32.065

10.3600

 17
Cl

Chlorine
35.453

12.9676

 18
Ar
Argon
39.948

15.7596

 1 2S1/2

H
Hydrogen
1.00794

13.5984

 4
Be
Beryllium
9.012182

9.3227

 37
Rb
Rubidium
85.4678

4.1771

 55
Cs
Cesium

132.90545

3.8939

 42
Mo

Molybdenum
95.94

7.0924

 41
Nb
Niobium

92.90638

6.7589

 86
Rn
Radon
(222)

10.7485

 74
W

Tungsten
183.84

7.8640

 43
Tc

Technetium
(98)

7.28

 75
Re
Rhenium
186.207

7.8335

 44
Ru

Ruthenium
101.07

7.3605

 76
Os
Osmium
190.23

8.4382

 45
Rh
Rhodium

102.90550

7.4589

 77
Ir

Iridium
192.217

8.9670

 46
Pd

Palladium
106.42

8.3369

 78
Pt

Platinum
195.078

8.9588

 47
Ag

Silver
107.8682

7.5762

 79
Au

Gold
196.96655

9.2255

 48
Cd

Cadmium
112.411

8.9938

 80
Hg
Mercury
200.59

10.4375

 60
Nd

Neodymium
144.24

5.5250

 62
Sm
Samarium

150.36

5.6437

 63
Eu

Europium
151.964

5.6704

 64
Gd

Gadolinium
157.25

6.1498

 65
Tb
Terbium

158.92534

5.8638

 61
Pm

Promethium
(145)

5.582

 66
Dy

Dysprosium
162.500

5.9389

 67
Ho
Holmium

164.93032

6.0215

 68
Er
Erbium
167.259

6.1077

 69
Tm
Thulium

168.93421

6.1843

 49
In
Indium

114.818

5.7864

 50
Sn

Tin
118.710

7.3439

 51
Sb

Antimony
121.760

8.6084

 52
Te

Tellurium
127.60

9.0096

 53
I

Iodine
126.90447

10.4513

 81
Tl

Thallium
204.3833

6.1082

 82
Pb

Lead
207.2

7.4167

 83
Bi

Bismuth
208.98038

7.2855

 84
Po

Polonium
(209)

8.414

 85
At

Astatine
(210)

 58
Ce
Cerium
140.116

5.5387

 59
Pr

Praseodymium
140.90765

5.473

 70
Yb

Ytterbium
173.04

6.2542

 90
Th
Thorium

232.0381

6.3067

 92
U

Uranium
238.02891

6.1941

 93
Np

Neptunium
(237)

6.2657

 94
Pu

Plutonium
(244)

6.0260

 95
Am
Americium

(243)

5.9738

 96
Cm

Curium
(247)

5.9914

 91
Pa

Protactinium
231.03588

5.89

 97
Bk

Berkelium
(247)

6.1979

 98
Cf

Californium
(251)

6.2817

 99
Es

Einsteinium
(252)

6.42

 100
Fm
Fermium

(257)

6.50

 101
Md

Mendelevium
(258)

6.58

 102
No
Nobelium

(259)

6.65
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 105  107 106  108  109  111 110  112
Db
Dubnium

(262)

Sg
Seaborgium

(266)

Hs
Hassium

(277)

Bh
Bohrium

(264)

Mt
Meitnerium

(268)

Uun
Ununnilium

(281)

Uuu
Unununium

(272)

°

1s

 114  116

 3

1s22s

Li
Lithium
6.941

5.3917

 10
Ne

Neon
20.1797

21.5645

 2
He
Helium

4.002602

24.5874

 9
O

Oxygen
15.9994

13.6181

 8
F

Fluorine
18.9984032

17.4228

 7
N

Nitrogen
14.0067

14.5341

 6
C

Carbon
12.0107

11.2603

 5
B

Boron
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Frequently used fundamental physical constants

1 second = 9 192 631 770 periods of radiation corresponding to the transition

speed of light in vacuum 299 792 458  m s1

Planck constant 6.6261 × 1034 J s 
elementary charge
electron mass

proton mass
fine-structure constant 1/137.036
Rydberg constant 10 973 732  m1

Boltzmann constant 1.3807 × 1023 J K 1

c
h
e
me

k

For the most accurate values of these and other constants, visit physics.nist.gov/constants

between the two hyperfine levels of the ground state of 133Cs 
(exact)

0.5110  MeV

13.6057  eV

R
R c
R hc

( /2 )

mec
2

mp

1.6022 × 1019 C 
9.1094 × 1031 kg

1.6726 × 1027 kg 

3.289 842 × 1015 Hz

4f

3d
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10  electrons with   ml= -2,-1,0,+1,+2   ms= -1/2, +1/2

14 electrons with  ml= -3,-2,-1,0,+1,+2,+3  ms= -1/2, +1/2

2p

ml= -1,0,+1  ms= -1/2, +1/2



Hund’s rules:
rule (i) The electrons occupies states in order to give the maximum total S
rule (ii) The electrons occupies states in order to give the maximum total L
rule (iii) S and L combine to give J as J= L−S if the shell less then half occupied and J= L+ S if
the shell is more then half occupied.
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Hund’s rules:
rule (i) The electrons occupies states in order to give the maximum total S
rule (ii) The electrons occupies states in order to give the maximum total L
rule (iii) S and L combine to give J as J= L−S if the shell less then half occupied and J= L+ S if
the shell is more then half occupied.
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Hund’s rules:
rule (i) The electrons occupies states in order to give the maximum total S
rule (ii) The electrons occupies states in order to give the maximum total L
rule (iii) S and L combine to give J as J= L−S if the shell less then half occupied and J= L+ S if
the shell is more then half occupied.
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Hund’s rules:
rule (i) The electrons occupies states in order to give the maximum total S
rule (ii) The electrons occupies states in order to give the maximum total L
rule (iii) S and L combine to give J as J= L−S if the shell less then half occupied and J= L+ S if
the shell is more then half occupied.
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Hund’s rules:
rule (i) The electrons occupies states in order to give the maximum total S
rule (ii) The electrons occupies states in order to give the maximum total L
rule (iii) S and L combine to give J as J= L−S if the shell less then half occupied and J= L+ S if
the shell is more then half occupied.
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Hund’s rules:
rule (i) The electrons occupies states in order to give the maximum total S
rule (ii) The electrons occupies states in order to give the maximum total L
rule (iii) S and L combine to give J as J= L−S if the shell less then half occupied and J= L+ S if
the shell is more then half occupied.

Element z e configuration 4f of +3 ion S L J gJ gJJ

Lanthanum (La) 57 [Xe] 4f0 5d1 6s2 0 0 0 0 - 0.00
Cerium (Ce) 58 [Xe] 4f1 5d1 6s2 1 1/2 3 5/2 6/7 2.14

Praseodymium (Pr) 59 [Xe] 4f3 5d0 6s2 2 2/2 5 8/2 4/5 3.20
Neodymium (Nd) 60 [Xe] 4f4 5d0 6s2 3 3/2 6 9/2 8/11 3.27
Promethium (Pm) 61 [Xe] 4f5 5d0 6s2 4 4/2 6 8/2 3/5 2.40
Samarium (Sm) 62 [Xe] 4f6 5d0 6s2 5 5/2 5 5/2 2/7 0.71
Europium (Eu) 63 [Xe] 4f7 5d0 6s2 6 6/2 3 0 3/2 0.00
Gadolinium (Gd) 64 [Xe] 4f7 5d1 6s2 7 7/2 0 7/2 2 7.00
Terbium (Tb) 65 [Xe] 4f9 5d0 6s2 8 6/2 3 12/2 3/2 9.00

Dysprosium (Dy) 66 [Xe] 4f10 5d0 6s2 9 5/2 5 15/2 4/3 10.00
Holmium (Ho) 67 [Xe] 4f11 5d0 6s2 10 4/2 6 16/2 5/4 10.00
Erbium (Er) 68 [Xe] 4f12 5d0 6s2 11 3/2 6 15/2 6/5 9.00
Thulium (Tm) 69 [Xe] 4f13 5d0 6s2 12 2/2 5 12/2 7/6 7.00
Ytterbium (Yb) 70 [Xe] 4f14 5d0 6s2 13 1/2 3 7/2 8/7 4.00
Lutetium (Lu) 71 [Xe] 4f14 5d1 6s2 14 0 0 0 - 0.00

3.1.5 Crystal field: quenching of orbital magnetic moment in 3d elements

In crystals and molecules the electronic wave-functions are determined not only by the atom they
belong to, but also to the neighboring atoms. This is the crystal-field interaction. The 4f electrons
have relatively inner wavefunctions, while 3d are relatively extended. From Coey we have the
following orders of magnitude (in K) on the three main energies influencing electronic states:

shell central potential spin-orbit interaction crystal field
3d 1� 5⇥ 104 102 � 103 104 � 105

4f 1� 6⇥ 105 1� 5⇥ 103 3⇥ 102

For the 3d electrons in the crystal field the wavefunctions are no more the free ones but rather the
quenched ones. It is said that the angular momentum is quenched by the crystal field (see Fig.??)
and the resulting wavefunctions carry no angular momentum. With octahedral neighbors the eg

orbitals are with lower energy. For bcc Fe we have 8 closer neighbors on the 4 diagonals of the cube.
In fcc Ni we have 12 close along the each of the 2 diagonals of the 3 faces. In both cases orbitals
with minimum energy are the t2g. In oxides one has the 3d electrons involved in the covalent bonds
with the oxygen. With tetrahedral environment (4 vertices) one has eg as minimum energy, with
octahedral (6 vertices) one has t2g. If the octahedron is tetragonally distorted the degeneracy of t2g
is eliminated. This is called the Jahn-Teller e↵ect and is particularly strong for Mn3+ i.e. 3d4, and
Cu2+ i.e. 3d9. The total energy is decreased by distorting the crystal environment. The energy
change is E = �A✏+B✏

2, where the first term is the crystal-field stabilization energy and the second
term is the increased elastic energy. With A and B are constants, the minimum is ✏ = A/2B.

3.1.6 Example: elements of transition metals

The elements of the transition metals have the electrons filling the 3d band (10 electrons).
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n of 3d electrons ions S L J gJ gJJ

0 Sc3+ 0 0 0 - 0.00
1 Ti3+, V4+ 1/2 2 3/2 4/5 1.20
2 V3+, Ti2+ 2/2 3 4/2 2/3 1.33
3 Cr3+, V2+ 3/2 3 3/2 2/5 0.60
4 Mn3+, Cr2+ 4/2 2 0 - 0.00
5 Fe3+, Mn2+ 5/2 0 5/2 2 5.00
6 Co3+, Fe2+ 4/2 2 8/2 3/2 6.00
7 Ni3+, Co2+ 3/2 3 9/2 4/3 6.00
8 Cu3+, Ni2+ 2/2 3 8/2 5/4 5.00
9 Zn3+, Cu2+ 1/2 2 5/2 6/5 3.00
10 Ga3+, Zn2+ 0 0 0 - 0.00

3.2 Dia- and paramagnetism

3.3 Ferromagnetism

• Ferromagnets are characterized by a particularly high susceptibility.

• This fact was explained by Weiss my making the hypothesis that a ferromagnet has saturated
regions (magnetic domains) oriented at random and the magnetic field has only to orient the
regions (and not the single atomic moments).

• Domains were later observed experimentally, confirming the Weiss hypothesis.

• The spontaneous magnetization Ms(T ) is a distinctive property of a ferromagnet

• The spontaneous order is lost at the Curie temperature Tc where Ms = 0

It is good to know some numbers of known ferromagnets (metals of pure elements):

Tc (K) µ0Ms(4 K) (T) µ0Ms(290 K) (T)
Fe 1043 2.22 2.16
Co 1388 1.85 1.82
Ni 627 0.64 0.62

In 3d ferromagnets (Fe,Co,Ni) the microscopic origin of M is the electron spin. Each electron
spin carries an elementary moment (almost i.e. (ge/2 ' 1)) equal to the Bohr magneton where
µB = 9.27 · 10�24 Am2 or µBNA = 5.58 Am2mol�1. Ferromagnetic transition metals like Fe,Co
and Ni, have large Curie temperatures and large magnetic moments (data from O’Handley book ).
By using the formula

µ0Ms = µ0 ne µBNA

�

m
(3.26)

we obtain the following table.
µ0Ms(4 K) (T) � (kg m�3) m (kg mol�1) ne

Fe 2.22 7874 0.0558 2.24
Co 1.85 8900 0.0589 1.75
Ni 0.64 8908 0.0587 0.60
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n of 3d electrons ions S L J gJ gJJ
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Electronic wave functions must be antisymmetric under exchange!

ψ(r1,r2) = - ψ(r2,r1)
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solids

low energy

high energy

Fermi
level

antibonding electrons contribute to magnetic moment !
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SLATER-PAULING CURVE 145 

Electrons / Atom 

Figure 5.1 The Slater-Pauling curve showing moment per atom (in Bohr magnetons) 
for metallic alloys as a function of valence electron concentration or alloy composition. 
[After Dederichs et al. (1991).] 

represent the density of valence electron states. In order to gain insight into the 
physics behind the Slater-Pauling curve, three concepts are needed: 

1. Figure 5 . 2 ~  illustrates the familiar broadening of atomic levels (in this 
case focusing on the 4s and 3d states) into bands when atorns are brought 
together to form solids. Note that the 1 = 0 (4s) atomic states that get closer 

I I 1 Interatomic I 
distance Z(E) z + ~ E ,  

(a) (b) 
Figure 5.2 (a)  Evolution of atomic 4s and %d states at large interatomic spacing to 
bands at smaller spacing ( r ,  occurs when the net repulsive force -aE/ar  from 4s 
electrons exactly balances the net attractive force from 3d electrons); (b)  density of states 
of 4s and 3d states split to reflect exchange preference for spins of one direction. 

5.5 7.576.5 8 8.5 9 9.56

atomic numer

nd

FIG. 3. Slater-Pauling curve: average atomic magnetic moment versus average atomic number in ferro-
magnetic elements and alloys. nd is evaluated by the magnetic moment on the base of the filling of the
antibonding states (experimental point taken from [3]).

µ0Ms(290 K) (T) � (kg m�3) m (kg mol�1) atomic moment µB

Fe 2.16 7874 0.0558 2.18

Co 1.82 8900 0.0589 1.72

Ni 0.62 8908 0.0587 0.58

TABLE II. Values of the spontaneous magnetization of Fe, Co and Ni and the atomic magnetic moment.

Bonding and anti-bonding states. The notion of bonding and anti-bonding is due to Linus Pauling
[3, 5]. He was one of the first to observe that the ferromagnetic state in 3d metals can be explained
by allowing low energy 3d electrons to occupy states with antiparallel spins (singlet states in an
example with two electrons) called the bonding states. These singlet states are of low energy and
contribute to the bonding between atoms but do not contribute to the magnetic moment. States
with parallel spins (triplet states) are called the anti-bonding states and can contribute to the
magnetic moment. By a very rough approximation one can consider that 5 out of 10 electrons per
atom of the 3d band are of bonding type. The filling of the 3d band therefore proceeds up to the
level nd = 5 by first filling the bonding states both spin up and spin down. For nd larger than 5
the filling then proceeds to the antibonding ones. If the exchange forces are strong enough they
will approximately proceed as the Hund’s rule, i.e. they will first fill the majority spin band. This
continues up to nd = 7.5. In the range 5 < nd < 7.5 we have weak ferromagnetism, i.e. both spin
up and spin down bands are partially filled. An example is Fe (see Fig.4). When nd increases above
7.5 the electrons start to fill the anti-bonding states of the minority band and the magnetic moment
decreases accordingly. This is called strong ferromagnetism, i.e. the spin up band is completely
filled. Examples are Co and Ni metals (see Fig.4). There exists also limit case as for example the
one in which also the s-band is half empty. In half metal one of the two sub-bands has a gap at
the Fermi level. Examples are NiMnSb and PtMnSb semi-Heusler compounds.

Partial quenching of orbital momentum. The atomic 3d electrons are characterized by an orbital

total spin orbital filling symmetry unquenching

Fe 2.18 2.09 0.09 - 0.41 (up) 3 22%

Co 1.72 1.57 0.15 + 0.93 (down) 4 50%

Ni 0.58 0.53 0.05 - 0.53 (down) 4 16%

TABLE III. Magnetic moment: total , spin and orbital.

magnetic moment per atom (3d)

antibonding electrons contribute to magnetic moment !
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Electronic wave functions must be antisymmetric under exchange!

ψ(r1,r2) = - ψ(r2,r1)

antibonding

A B

bonding

Heisenberg model

4.2 Ferromagnetism

4.2.1 Exchange energy

The exchange forces between electrons with different spin can be written as −JijSi · Sj . Jij is the
exchange integral that is positive for ferromagnets and negative for antiferromagnets. In the Weiss
(mean field) model for ferromagnetism the energy is

UW

V
= −µ0

2
NWM2 (4.40)

a typical values for NW is 1000. For ferromagnets it is sufficient to take the magnetization as a
vector of constant amplitude Ms and variable orientation. Therefore we define:

m =
M

Ms
(4.41)

But we have to allow the rotation of the magnetization (from domain to domain). To do this we
have to expand the internal product of neighboring spins −JijSi · Sj . We have the following term:

fEX = const. +A(|∇mx|2 + |∇my|2 + |∇mz|2) (4.42)

For most magnetic materials A = 10−11 J/m.

4.2.2 Anisotropy energy

Anisotropy is an essential ingredient of ferromagnetism. It can be due to shape, magnetoelastic
effects or crystal structure.

Magnetocrystalline anisotropy. In a crystal an atomic electron (negative charge) feels both
the central atomic potential (positive) and the potential of the neighboring atoms in the crystal
structure. This is the crystal field. A negatively charged electron with spin with an angular
momentum around a positive charged ion has a spin orbit interaction. The spin orbit term is
−L · S. Magnetic anisotropy is due to both crystal field and spin orbit. For the electrons of the
inner shells the crystal field is weak and the spin-orbit strong. This is the case of 4f electrics of the
magnetic rare earth elements. THey have a magnetic moment contribution from both orbit and
spin. The spin and the orbit moments remains parallel and both rotates in an applied magnetic
field. The anisotropy energy is therefore due to the weaker element: the crystal field. For electrons
of outer shells the crystal field is extremely strong. So strong that the orbit is almosy completely
quenched, i.e. it is reduced to almost zero L so that the moment is almost entirely carried by the
spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.43)

my = sin θ sinϕ (4.44)

mz = cos θ (4.45)

We can express uniaxial anisotropy as:

21

Jij > 0 Coulomb interaction between electrons
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Electronic wave functions must be antisymmetric under exchange!

ψ(r1,r2) = - ψ(r2,r1)

antibonding

bonding

Heisenberg model

4.2 Ferromagnetism

4.2.1 Exchange energy

The exchange forces between electrons with different spin can be written as −JijSi · Sj . Jij is the
exchange integral that is positive for ferromagnets and negative for antiferromagnets. In the Weiss
(mean field) model for ferromagnetism the energy is

UW

V
= −µ0

2
NWM2 (4.40)

a typical values for NW is 1000. For ferromagnets it is sufficient to take the magnetization as a
vector of constant amplitude Ms and variable orientation. Therefore we define:

m =
M

Ms
(4.41)

But we have to allow the rotation of the magnetization (from domain to domain). To do this we
have to expand the internal product of neighboring spins −JijSi · Sj . We have the following term:

fEX = const. +A(|∇mx|2 + |∇my|2 + |∇mz|2) (4.42)

For most magnetic materials A = 10−11 J/m.

4.2.2 Anisotropy energy

Anisotropy is an essential ingredient of ferromagnetism. It can be due to shape, magnetoelastic
effects or crystal structure.

Magnetocrystalline anisotropy. In a crystal an atomic electron (negative charge) feels both
the central atomic potential (positive) and the potential of the neighboring atoms in the crystal
structure. This is the crystal field. A negatively charged electron with spin with an angular
momentum around a positive charged ion has a spin orbit interaction. The spin orbit term is
−L · S. Magnetic anisotropy is due to both crystal field and spin orbit. For the electrons of the
inner shells the crystal field is weak and the spin-orbit strong. This is the case of 4f electrics of the
magnetic rare earth elements. THey have a magnetic moment contribution from both orbit and
spin. The spin and the orbit moments remains parallel and both rotates in an applied magnetic
field. The anisotropy energy is therefore due to the weaker element: the crystal field. For electrons
of outer shells the crystal field is extremely strong. So strong that the orbit is almosy completely
quenched, i.e. it is reduced to almost zero L so that the moment is almost entirely carried by the
spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.43)

my = sin θ sinϕ (4.44)

mz = cos θ (4.45)

We can express uniaxial anisotropy as:
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But we have to allow the rotation of the magnetization (from domain to domain).
To do this we have to expand the internal product of neighboring spins −�Si · �Sj .
We have the following term:

fEX = const. +A(|∇mx|2 + |∇my|2 + |∇mz|2) (4.18)

For most magnetic materials A = 10−11 J/m.

4.2.2 Anisotropy energy

Anisotropy is an essential ingredient of ferromagnetism. It can be due to shape,
magnetoelastic effects or crystal structure. In a crystal (a metal for example)
each electron fills the central potential but also the crystal field of neighboring
atoms. Magnetic anisotropy is due to crystal field and spin orbit. For the inner
electrons the crystal field is weak and the spin-orbit strong. bot the orbit and
the spin rotates in a magnetic field. The anisotropy energy is crystal field. For
outer electrons the crystal field is extremely strong. So strong that the orbit is
carrying a very small moment. The spin orbit is weak. The spin rotates and
the orbit is fixed. The energy is spin-orbit. 3d (Fe, Co, Ni) have generally low
anisotropies. 4f have large anisotropies (Nd, Pr, Dy).

mx = sin θ cosϕ (4.19)

my = sin θ sinϕ (4.20)

mz = cos θ (4.21)

We can express uniaxial anisotropy as:

fAN = K0 +K1 sin
2 θ +K2 sin

4 θ +K3 sin
6 θ + ... (4.22)

If there is only K1 we define the anisotropy field

HAN =
2K1

µ0Ms
(4.23)

For cubic anisotropy we have:

fAN = K0 +K1(m
2
xm

2
y +m2

ym
2
z +m2

zm
2
x) +K2 m

2
xm

2
ym

2
z + ... (4.24)

in spherical coordinates:

fAN = K0+K1

�
sin2 θ sin2 2ϕ

4
+ cos2 θ

�
sin2 θ+K2

sin2 2ϕ

16
sin2 2θ+ ... (4.25)

4.3 Total energy functional

Summing up all the terms we have the Gibbs free energy of the ferromagnet

GL =

�

V

�
A(∇�m)2 + fAN (�m,�n)− 1

2
µ0

�HM
�M − µ0

�Ha
�M

�
d3r (4.26)
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4.2 Ferromagnetism

4.2.1 Exchange energy

The exchange forces between electrons with different spin can be written as −JijSi · Sj . Jij is the
exchange integral that is positive for ferromagnets and negative for antiferromagnets. In the Weiss
(mean field) model for ferromagnetism the energy is

UW

V
= −µ0

2
NWM2 (4.40)

a typical values for NW is 1000. For ferromagnets it is sufficient to take the magnetization as a
vector of constant amplitude Ms and variable orientation. Therefore we define:

m =
M

Ms
(4.41)

But we have to allow the rotation of the magnetization (from domain to domain). To do this we
have to expand the internal product of neighboring spins −JijSi · Sj . We have the following term:

fEX = const. +A(|∇mx|2 + |∇my|2 + |∇mz|2) (4.42)

For most magnetic materials A = 10−11 J/m.

4.2.2 Anisotropy energy

Anisotropy is an essential ingredient of ferromagnetism. It can be due to shape, magnetoelastic
effects or crystal structure.

Magnetocrystalline anisotropy. In a crystal an atomic electron (negative charge) feels both
the central atomic potential (positive) and the potential of the neighboring atoms in the crystal
structure. This is the crystal field. A negatively charged electron with spin with an angular
momentum around a positive charged ion has a spin orbit interaction. The spin orbit term is
−L · S. Magnetic anisotropy is due to both crystal field and spin orbit. For the electrons of the
inner shells the crystal field is weak and the spin-orbit strong. This is the case of 4f electrics of the
magnetic rare earth elements. THey have a magnetic moment contribution from both orbit and
spin. The spin and the orbit moments remains parallel and both rotates in an applied magnetic
field. The anisotropy energy is therefore due to the weaker element: the crystal field. For electrons
of outer shells the crystal field is extremely strong. So strong that the orbit is almosy completely
quenched, i.e. it is reduced to almost zero L so that the moment is almost entirely carried by the
spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.43)

my = sin θ sinϕ (4.44)

mz = cos θ (4.45)

We can express uniaxial anisotropy as:
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normalized magnetization

Jij > 0 Coulomb interaction between electrons
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Crystal axis

Mθ
K1sin2θ



Anisotropy energy
magnetocrystalline

bcc Iron hcp Cobalt fcc Nickel

K1=0.48·105 Jm-3 K1=5·105 Jm-3 K1=-0.057·105 Jm-3

cubic uniaxial cubic
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Anisotropy energy

4f 3d

crystal field

spin-orbit
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inner orbitals outer orbitals
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L is linked to the crystal axis

S is linked to L spin orbit energy L.S

crystal field energy



Energy terms of a ferromagnt

exchange

anisotropy

magnetostatic field

applied field

spin. This is the case of 3d elements. As L is small also spin orbit is weak. Therefore when a
magnetic field is applied the spin rotates and while the orbit remains fixed. The anisotropy energy
is due to spin-orbit. 3d (Fe, Co, Ni) have generally low anisotropies. 4f may have large anisotropies
(Nd, Pr, Dy).

Phenomenology. Regardless of the physical origin the anisotropy energy can be written as a
function of the angle formed by the magnetization vector with the crystallographic axis

mx = sin θ cosϕ (4.25)

my = sin θ sinϕ (4.26)

mz = cos θ (4.27)

We can express uniaxial anisotropy as:

fAN = K0 +K1 sin
2 θ +K2 sin

4 θ +K3 sin
6 θ + ... (4.28)

If there is only K1 we define the anisotropy field

HAN =
2K1

µ0Ms
(4.29)

For cubic anisotropy we have:

fAN = K0 +K1(m
2
xm

2
y +m2

ym
2
z +m2

zm
2
x) +K2 m

2
xm

2
ym

2
z + ... (4.30)

in spherical coordinates:

fAN = K0 +K1

�
sin2 θ sin2 2ϕ

4
+ cos2 θ

�
sin2 θ +K2

sin2 2ϕ

16
sin2 2θ + ... (4.31)

4.3 Micromagnetic energy functional

Summing up all the terms we have the Gibbs free energy of the ferromagnet

GL =

�

V

�
A(∇m)2 + fAN (m,n)− 1

2
µ0HM ·M− µ0Ha ·M

�
d3r (4.32)

where the four terms appearing in the integrand of Eq. (??) represent the exchange, anisotropy,
magnetostatic, and applied-field-interaction terms, respectively. The temperature dependence is
hidden in the temperature dependence of the parameters A(T ), KAN (T ), and Ms(T ). In the
exchange term, (∇m)2 is a short-hand notation for |∇mx|2 + |∇my|2 + |∇mz|2. By taking the
volume density gL = GL/V and by normalizing to µ0M2

2 we have ĝL = gL/(µ0M2
s )

ĝL =
1

V

�

V

�
l2EX

2
(∇m)2 + κAN f̂AN (m,n)− 1

2
hMm− ham

�
d3r (4.33)

whereas the length parameter lEX is the so-called exchange length:

lEX =

�
2A

µ0M2
s

, (4.34)

The anisotropy contribution is expressed in terms of the dimensionless parameter
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thanks for your attention !
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