Associazione
ltaliana di

Magnetismo

ITALIAN SCH
V Edition

Roma 03 - 07 February 2020

THEORETICAL MODELS I

Alessandra Continenza

Universita degli studi dell'Aquila




OUTLINE

» Modeling physical properties: what to do

= First principles methods (part |)
a) how they work
b) advantges and drawbacks

« Model Hamiltonian: The Heisenberg Hamiltonian
a) Exact solution
b) Approximations and numerical solutions

= How to combine first-principles and model
Hamiltonians



The exchange interaction

Still an electrostatic interaction:

lower Coulomb

high Coulomb repulsion

repulsion

Using one electron approximation:  symmetric

/

V.00 = HDAE +a ] singler | ]
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Anti- symmetric

¢1 o ¢2 are normalized spatial one-electron wavetunctions



| H f el 1
We can write energy as: 1energy or electron
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We can write energy as:

E=1+1,+K, 6 +J,

Lowest energy state is for triplet, with E=1 +1,+K,, - J,,

Parallel alignment of spins lowers energy by:

1

7‘1—7‘2|

b, (1), (7, )d371d372

Jip = f¢1 (’ﬂ)(l)z(rz |

4n80

(if J;5 1S positive)

N.B. PURELY ELECTROSTATIC TERM!!



Heisenberg Hamiltonian

Use spln-wave functions (singlet)
Y, (r,n)= \/’[¢1(Vi)¢2(7’2)+¢2(7'1)¢1(r2 [;(a(l))(ﬂ(Z) Za(z)zﬂ(l)] l T
1 XD, (2)
Y, (n,n)= ﬁ[@(’i)%(rz) _¢2(Vi)¢1(’/2)] Ao (I)Zﬂ(z) T X (Z)Zﬁ(l) T T
X5 x5(2) )
(triplet)

1
0

(0
X —>‘—> —> 0 =(1j Spin -1/2

j Spin +1/2

These 4 states are eigenstates of the operator: S’l : SQ

h

with: S+ — _g+ — So that the exchange term can be expressed as:

b = ]1+]2+K12_—J12: Ey—2J5; - S
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Heisenberg Model

Heisenberg and Dirac showed that the 4 spin states above are
Eigenstates of operator

= h

S = —(O "~ (Pauli spin matrices)
+,— 2

Hamiltonian of interaction can be written as exchange Hamiltonian:

H, =-2JS,-S,

J Is the exchange parameter (integral)




Magnetic interactions: very complicated issue

LOCALIZED

MOMENTS »DE-LOCALIZED

MOMENTS
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NON-METALS



PAULI PRINCIPLE

EXCHANGE INTERACTION

N

DIRECT EXCHANGE
Wave functions overlap

INDIRECT EXCHANGE
Intermediary (long range)

SUPER-EXCHANGE
(ligands)

N

RKKY-interaction
(condcution electrons)




HEISENBERG MODEL

Model Hamiltonian for spin-spin interaction:

N N
__ 1 | @z @z 1oz Qx
H__5;;J”S’S + J5(S7 ST 4+ SYSY))] —;LZH-SZ-

Different flavours:

Classical Heisenberg model 3D (isotropic)

Jpo=J,=J.,=J H:——JZZS S. —MZH S,

1=1 3=1

Ising model: J, = J =0,J,=J

:——JZZS 'S, —,uZH S,

1=1 j5=1



HEISENBERG MODEL

| N N N
1=1 7=1 1=1

Most common approximations:

+ Nearest-neighbour interaction only

+  Mean field theory: average S and neglect fluctuations

- In 1D — analytical exact solution
+ 2D, 3D approximate solutions — Monte Carlo simulations
+ Ising model solutions for S=1/2 (Onsager, 1944)



HEISENBERG MODEL: MEAN FIELD

Main approximations:
+ Nearest-neighbour interaction

+ Isotropy: take J, =J
b U Jy=J,=J. =J

- Mean field theory: average S and neglect fluctuations



LANDAU THEORY OF PHASE TRANSITIONS

 Choose an order parameter M which is zero above the transition and
changes continuously across the transition

« Close to the transition (7=T7,) espand the free energy - Taylor series

F(M)=Fy+a(T)M* +b(T)M*

. Take the most simple form for the coefficients a(T) and b(T):

b(T)= b = const

CZ(T) = Clo(T-TC) with do > ()

This choice allows F(M) to have solutions with M=z0



LANDAU THEORY OF PHASE TRANSITIONS

Look for the ground state of the system asking for: OF — 0
oM
Obtain:
ag(lc — 1
M:O and M—__[ O( ¢ )]1/2 AM) pr,
2b \ |
dmm) | |
ST
Shp /
M=0




HEISENBERG MODEL: MEAN FIELD

— JZZS 'S, — ZH S,

2131

Define: M —= N <Z Sz>

And write: Sz - Sz — (Sz — M—I—M) - (S] — M—|—M)

Si-SjM2+M-(Sz—M)+M-(SjM>+<&L)P@\M>
NOTE: /

Neglect fluctuations : S — <S>




HEISENBERG MODEL: MEAN FIELD
S;*S; =M*+M-(S; —M)+M-(S;, — M) + (S; — M)(S; — M)
S;-S;=M*+M-(S; +S;) — 2M?
S;-S; =—-M*+M-(S; +S,)

So that the hamiltonian we had

N N
H:—JZSi'Sj_MZS@"H can be written as:
(2,7) ?

(7, 7) Nearest neighbours
sum
T N
Effective magnetic field Heff = H - i E <SZ>
2




FREE ENERGY CALCULATION

Recall:

Partition function: Z(N,H,T)

Z(N, H,T) ZZ Z _BH(1,2...N)

o1 02

Z(N,H,T) = e #NIM* TN N7 SUMAEH) 01 S(MEH) 03 (M AH) o

g1 02 ON

Z(N, H, T) _ 6—ﬁNJM2 Z (65(JM—|-H)°O‘)N

o==11

Z(N,H,T) = e PNIM 19c0sh(B(JM + H))|N




FREE ENERGY CALCULATION

F 1
F , 1
— =JM In|2coshB(JM + H)|
N o
The magnetisation is the derivative of the free energy with respect to the applied field:
OF N
M(T,H) = (5’H> M:V,utanh(ﬁ(MJ—FH))

/

Trascendental equation that can be solved graphically



HEISENBERG MODEL: M. F. RESULTS

tanh(3Jm)

Graphical solution #m)=m T<TW

M = Zptanh(3(MJ + H))
-
ﬁ 37— 1
- M J
T, —
kp
-M(T) ~ u(l — 2e 2§C)T% 0
M(T) ~ (T, — T)Y2 =65
T> T, -
X(T) =




Excited states: Spin waves — FM case

Recall Heisenberg model J>0 Ferromagnetic coupling:

N N N
1=1

i=1 j=1
Only nearest neighbour interactions so:

N n N
0 runs on nearest neighbour H — —J E E S, - Si+5 — U E H-S,
1=1

i=16=1
Ground state energy:

E() — —NTLJSQ —N,MSH

Question: what is the first excited state?

Mt e gl ltttd
4141 ——— 1111 NO!

fr111 rrrrd



Excited states: Spin waves — FM case

Delocalized excitation state solutions

L 1 1k-r;
k) = Vi Z]: e

Spin waves



Back to Ising model:1D Analytical solution

Model RIARRAN

* linear chain of N+1 atoms
* only nearest-neighbour interaction

* spin s, isotropic coupling: Jpo=J,=J.,=J

The energy of the ground state (all spins are aligned) is:

Ey=—2NJS* — (N + 1)uSH

Let's take: S; — Si/S
So that in the imit S — « the r Yy Y.r __ l . 2
operators commute and the 5595 T 9595 = ( q )ZSJ'

classical result Is recovered:



1D Analytical solution

H = JZSS— Tl

Let us calculate the partition functlon to get the free energy (at H=0):

T — / dS)g / dﬂl /dQN K> N N sisiq o J
kgl

If we take the s;.q vector as polar axis then s; can be expressed in polar coordinates
(0;,¢;) and the integrals separate:

df) "1
ZN — / OH,f\;l/ —€KCOSG7; SZTLHZd(QZ
A 65 2

NK — [(stnhK K

As Zy Is Invariant for K — - K the partition function is the same for
Ferromagnetic (J > 0) and Antiferromagnetic (J < 0) coupling.




1

2

Numerical solutions: Monte Carlo method

. Take a chain of N spins with periodic boundary conditions (ring:
S;=S;:n) With energy E
. Change a single element s;>s;+0=s;’
SX= S5+0
. Accept new configuration {s;} if
E'< E or with Boltzman probability:

l.e. extract a random number r and accept the move if
r< e PE-E

. Change each element in the system to complete 1 MC step
. Go back to step 2

. After a large number of steps equilibrium is reached at fixed T.



Monte Carlo method: results 1D

Magnetisation H=0
divergesas T 2> 0

<E> 0nZz 1
~ 90 JK cot

262
X():'ZBT Z Z(

i=0,N j=0,N




2D Numerical Ising model T=T, H=0

30x30 array M(t)
Tt o0 -
0,20 — —
0.20 B —
RRRE 0.1¢ -
Q.00
-0 10
RERE 020 | _
_ —0.50 —
At low T an up spin o401 1y 7
has larger probability 0.0 100.0 200.0 300.0
of having up spin close T>>T,
Dy 0.20 —r—1———
0. 10 ' —
At higher T up spin has i
lower probability of U.U0 N |
having up spin as —010 1l
nearest neighbours . -
-0.20 L——1 11

. — 0.0 1000 2000 3000
Try yourself on http://pages.physics.cornell.edu/sss/ising/ising.html




Monte Carlo method: results 3D

B B D 69610(—6H )S.

1.0 _ '

y
| ige.. MAGNETIZATION VEASJUS TEMPSRATURE
0.8 - TR -~

x\::-." . 1
0.6 MODEIED . .

~+ v~ . . 5 % -
MOLECULAR FIELD N ™

R _ Obtain:

’ T W3 « \ -~
w1/ '] \ \‘ \ -
" 1 c. t‘.‘k \ \‘\

/6 — 0.5 K774
Mean field result With: 0.32 < 5 <0.36

252
X0 = kT Z Z
1=0,N 7=0,N

PRB 181, 811 (1969)



Monte Carlo method: results 3D

Magnetisation sample size dependence:

|.0m R T — —— ¢ p -

0.8'- Y ot
: - \‘_S\_
« O.6)- MODEFIED \‘;
\i MOLECULAR FIELD "N\ ™
= 0.4)- Rt AN
(1=T/T )7 \\;‘\\ o
\'\i\“\‘ -
".l,\.\.
AN e ™A
N —— ;
.-3 ba —— 4L B
1.5 250
T (W&R) T (MF)

k774

B =0.5

Mean field result

“&s:,,;..?;m MAGRETIZATION VERSJS TEMPERATURE

"D:_ 3 | S T M T
L. TJ 3
. -
. - /‘fl;'
O.f;[ * ¢ ’ " _;.,/’./’L"//‘/
s . * Jd’d‘:';/
o . —~ -
- g, o N=G4
- e -
> . - e N=2|2
I;,,/"-' . N»2048
QZr- L SLOPE » 0.3520 « N=8192
w/\éLOI*E 0,357
N S RN T T T UL 1R A P UL PN BN 2N N Pk N
.01 .02 0.0 = 0.2 0.5 .0

Obtain:

With:  0.32 <3 <0.36

PRB 181, 811 (1969)



Monte Carlo method: results 3D

- Magnetisation at zero field

Critigal temperature:

Susceptibility at zero field

1=0,N 7=0,N

262
TR Yo = T Z Z

Singularity
At kgT/J =1.6

PRB 181, 811 (1969)



MIXED APPROACHES: AN EXAMPLE

How to obtain ab-initio information on quantities at T# 07

It is possible to use first-principles approaches to calculate
parameters used in model Hamiltonians and/or
combined approaches.

Example:
use ab-initio calculations, Heisenberg Hamiltonian and
Monte Carlo simulations to calculate Curie Temperatures of
Materials such as Dilute Magnetic Semiconductors



How It WOrks:

Two steps procedure:
1. Perform ab-initio calculations of model systems

3. Operate a mapping with a model Hamiltonian to
extract parameters

5. Calculate quantities of interest



Dilute Magnetic Semiconductors

» Insert magnetic atoms into a semiconductor matrix to get a material which is at the
same time ferromagnetic (hopefully) and semiconductor.

» As the spin is a conserved quantity in scattering, its life-time is large.

» Electronics based on spin-currents: manipulate charge and spin at the same time
- manipulate more data/information

&y
3
A

Spin-
polanzed
electrons

£

50 microns
—_—



Example:
Dilute Magnetic Semiconductors

) ) e 6 ) O O ©

— - —~— R R

@ © ©O ' 0 0
o © © © O ©

® © © 0 0 *
o © © ©

@ O ©O ? 0 0

O O e O O O

— - C—— T e - -  — ~— -l

Semiconductor matrix Replace some cation site with
Es: GaAs Mn = get a ferromagnet

Magnetic ordering temperature (Tc) depends on
Mn and hole concentrations (GaAs-doping)



Main Approximations

» Adiabatic approximation: magnons are slower than electrons (electrons
fully relaxed)

» Force theorem: changes in the total energy are related to rigid rotations of
magnetic moments

» Exchange integrals are evaluated at T=0: assume low dependence on T



Model

Calculate the pure system (GaAs) and the DMS at various Mn concentrations from ab-
initio methods.

Consider atoms represented as scattering centers, -> ‘mix’ scatterer potentials of Ga and
Mn to get an array of scattering centers

at fixed concentrations - two or more species are treated as an effective medium
Coherent Potential Approximation (CPA)

Get total energies of the Magnetic (FM), Egy
and Paramagnetic (PM) state, Epp

paramagnetic state <~ disordered local
(CPA) moment

AE =FEpy — Epym

Shiba, H., Prog. Theor. Phys. 46, 77.




Model Heisenberg — Mean Field

Simplest form, recall

Mean-field approximation: H—=—] Z S; - S;
17
J
To =

— E J() n J() n_) Exchange _coupl@ng of

magnetic impurity
x= concentration

Get an estimate of T, from:
AE  Epy — Epyg

KBTMFA _
€z €z




Some results:

400

— Experimentally:

< =L highest T. obtained = 110 K
& GaMnAs
S 2007
5 i
5 100[ /i <— Different behaviors due to
i | different exchange
e mechanisms
0 2 4 6 8 10 12 14

Mn concentration (%)

Overestimate of the FM alignment due to several reasons:

Exchange interaction depends on distance, direction..+ percolation effects..

Sato, K. et al. J. Phys.: Condens.
Matter 16, S5491. , 2004



Can we improve”?
Calculate exchange interaction parameters at
different distances
Defects (i.e. antisites not effective for magnetism)
Parametrize exchange parameters

C dij ) 2+
Jad? ea:p(—T) |f d”< dn ASGCZ

Jz'  — 0 otherwise y = antisite concentration

2 I 1 I 1 I
®
2.5 T T T T T T T T T T T H
ottt 3.5 T T T T T T T T T T T H —
2L (Gagos Mnggs)N o [100] '= 35 =. ® y=00
r 0.95 0.05 o T \ ! H -
5 3 e | sHoa 1 s Rl
> ®.. e [110] | ! R P e x=0.005
/. m ~.\ “ \ > 25 _'.‘ ‘,’ * ° h :'
N AN g A [111] 2.5 Fit % | ] o x=002 |- !
s ¢ SRR N | . S O2R . e 0.05 | ‘
] \ m/_\ \ —_ \ |l = ’/' A \ \ A X=U. Py '.I
; \ = ‘ PORTE L . v x=0.08 : -
= I/ \\ A__\.\ E v “‘ \ — 1 ,/,’;_;‘ v \ Q\ ° = 1 F '= -
= j \ 0 [~ "cln-arece 8- 0d ©4000 = 15 ki ¢ = Vi AU i = ]
= ;A \ = : AR IS 05 NS e = H
E II \\\ \b 1 1 1 1 1 1 1 1 1 1 1 zﬁ \‘ || ‘\ ~ ’“-,,ZA\ \“\ "} Z '=
= / \ ] 1234567891011 S 1 E s 0 A e e g :
P! ® \ A . . . 2 B \ Te--9--0 EH H
= \ \ (d/a) along different directions - R 05 b
S ‘ 05 L A\e 123456 7 8 91011 | 05 L I 1 |
~ . v”t};&:\.\ (d/a) along [110]-direction ='. ’, \
0 ‘*&.-4_4..._.._._._._._. = oo /gl
0 2L
o8& l}‘ &
(Ga0.95 MnO.OS)AS 05 1 1 1 1 1 1 1 1 1 1 1 0 3: Y !
' ' ' l l l l l l l I 1 2 3 4 5 6 7 8 9 10 11
2 3 4 5 6 7 8 9 10 11 (d/a) along (110)-direction e

(d/a) along different directions ,
distance (a.u.)



Can we improve?

Metropolis algorithm to flip single spins
Sample moment orientation and configurations (disorder)
Use cumulant crossing method to determine T, and limit size effects:

all U (T) at different sizes (L) cross at T
Size= L x L x L with L up to 48 (periodic boundaries)-15000 MC steps

Landau, D. P., and K. Binder, 2000, A Guide to Monte Carlo Simulations in Statistical
Physics (Cam. Un. Press).



Antisite defects ASQGZ

RESULTS

y=antisite concentration

(GaO.95—yASyMnO.05)AS
y=00 y=0005 y=001 y=0.0125

Expts. 45-118 45-118 45-118 45-118
MFA 281 222 131 72
MC-VCA 272 215 130 70
RPA-VCA 266 212 128 70
MC (random) 137 124 92 55

Different approximations:

MFA = mean field approximation

RPA = random phase approximation (order+/ order perturb.)
VCA = virtual cristal approximation — no disorder

Sato et al. Rev. Mod. Phys. 82, 1633 (2010)



T, (K)

250

200

150

100

50

RESULTS

— _Nnp
! Leff

v = hole concentration per Mn

Sato et al. Rev. Mod. Phys. 82, 1633 (2010)

Active Mn concentration
No Mn(/ ) or antisites

1 1 I 1 1 1 I 1 1 1 I 1 1 1 ! 1 1 1 I 1

: GaMnAs : 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1
| A A Theory 1 200 B _ _'
i B Exp.annealed, Edmonds et al. _ | & Experimental data 4
— 0 Exp. as grown, Edmonds et al. — TC(K) | |@ -e Theory fory=1 0" e
- Exp. Matsukura et al. T - Theory x,,,=0.035 e g .
| | @ Exp. Chibaetal. 1 - | & Theory x,, =0.05 e 7

_ A 150 — ol —
i A - I Pt O 1=0.96 = 0.14 i
I HA- ’6A _ i y=0.80 /7‘% v=0.85 = 0.12 1
: AT . ] I y=0.60 —287_£X y=0.80= 0.12 1
. A A i 100 - d —
B ; N L v=0.60 /4—’»@ _
: /é’ f - - y=0.52 — Z ? v=0.56 = 0.08 i
i /AE O O O | i 'S y=0.52 + 0.08 i
: s O - 50 |- / —
- )AE O _ , ,/ _

/
. : - -
= - = / —
I / ] [ g v=050 ]
I ) ] ol sl 1 0] I R R B SR R
7 G N [N SR RN SR N TN N SR NN TR SN TR NN TR SR TR BN S 0 0.01 0.02 0.0 004 005 006 007 0.08 0.09
0 0.02 0.04 0.06 0.08 0.1 0.12
X XMn
Mn

o
—h



RESULTS

1.2 I I
B e i | Advantages:
—¢—Exp. lat can study different effects e.g.

volume (i.e. pressure) on T,

300 | | | | | | | | | | |
® ® MFA(LDA+U) |
B 8 MC(LDA+U) :
250 | o G—© MFA(LDA) | |
‘~\,\ O— MC(LDA) i = o
~<e. | S—o
|
200 o ! —
o I
< | e
Exchange coupling and T. 150 R -
H | I \\\..\
depend on volume _ N e
100 G T A _
~~~~~~~ |
- TT==- - ___
50 LT T = -
|
|
0 l l l l l l l l l l l

53 535 54 545 55 555 56 565 57 575 58 585 59
L. Bergquist, et al. Phys. Rev. B77, 014418 (2008) Lattice parameter (A)



AN ADDITIONAL EXAMPLE

Superconductivity
o o and

A (6& PESERLS magnetic interactions: LaFeAsO 44 F

.
N ¢ - 8‘ \‘ vgk ‘
A Ay WE Ve
- A . }éﬁ}
¢ .
LiIFeAs < ~Q .
LaFeAsO/ -
FFFFFFF DO pl n g

. ‘
| b
BBBBBBBB
e Fe-AS 150

I o I PM
active planes g :
2 100F
=
Diamond anv il
i AFM Bridgman anvil

©
g
€
()
re S S u re " @) Bridgman anvil
S0 Cubic anvil

Cubic anvil

Applied pressure (normalized)



AN ADDITIONAL EXAMPLE

Superconductivity and magnetic interactions: LaFeAsO 4, F

AFM stripe Orthomagnetic  Spin+Charge Order
o
S firs = — M% + ByM7 + G;M%

a VIS b OM C SCO

bdbdbd oo bdeodo i

999 ®popee 0909 5 font = 5 M3+ By M3 + Gy Mif
bbb Foade doboe

P99 ®ode ooy

Magnetism — superconductivity
competition

1fa, > 4 6
6fSCO = 5(5 MT + B3MT + G3MT).

Consider different possible magnetic orders:
fit Landau free-energy forms as a function of doping,
structural parameters



ENERGY LANDSCAPE

x=0.25m=
x=0.28125 e

- x=0.296625
| x=0375v

-x=0.28125 =

x=0.3125 o

- x=0.375
x=045 v

Y- - -

0 0.5 1 1.5 2 0 0.5 1 15 2
MT(HB) M ()

e f

>0 X=0m " 80T 0.0625

40 | - ‘ x=0. .

x=0.125o Y 60} x=0.052=0.63
30F x=0.2 v x=0.2 z=0.65
| x=0.3125 v ‘

40 } x=0.2 z=0.645
x=0.28125 z=0.65

Constrained

ab-initio calculations:

At fixed magnetic moment,
explore the energy landscape

F-DOPING:
* weakens stability of
the magnetic phase
 NoO energy minum as
X Increases
« Atx>0.3
large energy
degeneracy
(M+=0 and M+;#0)
« Structural effects zag



Q

o (meV/uBz)

EXTRACT LANDAU PARAMETERS

ol b ] Constrained

20| | L~ B 5 ab-initio calculations:

20| i 5N 3 At fixed magneti t
20| / £ gnetic moment,
60 Sy jewen £ 5 || explore the energy landscape
_aol OM y_{
ool 59O > N—
—-120¢f, . . . . -10 | . . . . -

0] 0.1 02 03 04 0] 0.1 0.2 0.3 0.4

?‘; -1 / OBTAIN A PHASE DIAGRAM
© 2 to study the phase transition

3] G 8 furs = = M2+ B,M* +G,M®
G fms = —MT+ B M7+ G My
O 01 02 03 04 2 0.665
X 0.66
o 1 6 0.655
Ofom == Mt +ByMr+GyMry © 05|t o+ o+ T
2 5("1 0.645 QTCP
1 N 0.64 4=0 :
& . 2 4 6 0.635 VT
5 :—(—M + BsMt+G3M ) ./ B=0
fsco S| 5 M+ BsMry +G3 My 006_22  frarter

° P N P F P 7

G. Giovannetti et al., Nat. Commun. (2011), DOI: 10.1038 SEEERN O



CONCLUSIONS

We Dbriefly discussed:

- ab-initio calculations: what they are

» Theoretical models: many different approaches

* How to combine ab-initio calculations and models

» How to make use of models and ab-initio calculations to obtain useful insights



Challenges for theory

» Create new materials and systems by design
» Build upon discoveries of new materials:
graphene, nanotubes, superconductors, magnetic materials...
» Build upon discoveries of self-assembled systems
» Make progress in understanding biological/complex systems starting
from the fundamental equations of quantum mechanics

Problems

< Bridging the time and length scales
< Length — from atoms to nano to macroscopic size
< Time — picoseconds to milliseconds
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