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OUTLINE
▪ Modeling physical properties: what to do 

▪  First principles methods (part I) 
 a) how they work 
 b) advantges and drawbacks 

▪ Model Hamiltonian: The Heisenberg Hamiltonian 
a) Exact solution 
b) Approximations and numerical solutions 

▪  How to combine first-principles and model 
 Hamiltonians   



The exchange interaction

high Coulomb  
repulsion  

Still an electrostatic interaction: 

lower Coulomb  
repulsion  

Using one electron approximation:
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We can write energy as:
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(ionization) = 2I1 + 2I2

Coulomb repulsion = 2K12

Exchange terms =2 J12

H12 interaction energy =  = H3
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|r1 − r2 |

H12 energy of electron 2
H1energy of electron 1
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121221 JKIIE ±++=

We can write energy as:

Lowest energy state is for triplet, with 121221 JKIIE −++=

Parallel alignment of spins lowers energy by:

(if J12 is positive)

N.B.  PURELY ELECTROSTATIC TERM!!!

� FM

AFM
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with:

These 4 states are eigenstates of the operator:

So that the exchange term can be expressed as:

Heisenberg HamiltonianYou can add spin wavefunctions explicitly into previous definitions:

> @> @

> @
»
»
»

¼

º

«
«
«

¬

ª

�� <

�� <

)2()1(
)1()2()2()1(

)2()1(
)()()()(

2
1),(

)1()2()2()1()()()()(
2

1),(

2112221121

2112221121

EE

EDED

DD

EDED

FF

FFFF
FF

IIII

FFFFIIII

rrrrrr

rrrrrr

A

s

(singlet)

(triplet)

¸̧
¹

·
¨̈
©

§
 o�o

¸̧
¹

·
¨̈
©

§
 o�o

�
�

�
�

1
0

0
1

VF

VF Spin +1/2 

Spin -1/2 

Use spin-wave functions 



Heisenberg and Dirac showed that the 4 spin states above are 
Eigenstates of operator

−+≡−+
,

2, σ
!S

Hamiltonian of interaction can be written as exchange Hamiltonian:

jiex SSJ ⋅−= 2H

(Pauli spin matrices)

Heisenberg Model

J is the exchange parameter (integral)

� FM

AFM



DE-LOCALIZED
MOMENTS

INDIRECT

DIRECT ITINERANT

SUPER-Exch

METALS

NON-METALS

LOCALIZED
MOMENTS

Magnetic interactions: very complicated issue



PAULI PRINCIPLE

EXCHANGE INTERACTION

DIRECT EXCHANGE
Wave functions overlap

INDIRECT EXCHANGE
Intermediary (long range)

SUPER-EXCHANGE
(ligands)

RKKY-interaction
(condcution electrons)



HEISENBERG MODEL
Model Hamiltonian for spin-spin interaction: 

Different flavours: 

Classical Heisenberg model 3D (isotropic)

Ising model:



Most common approximations:
◆  Nearest-neighbour interaction only
◆  Mean field theory: average S and neglect fluctuations

◆ in 1D →  analytical exact solution
◆ 2D , 3D approximate solutions – Monte Carlo simulations
◆ Ising model solutions for S=1/2 (Onsager, 1944)  

HEISENBERG MODEL



HEISENBERG MODEL: MEAN FIELD

Main approximations: 
◆ Nearest-neighbour interaction 

◆ Isotropy:  take Jij = J

◆  Mean field theory: average S and neglect fluctuations



LANDAU THEORY OF PHASE TRANSITIONS

• Choose an order parameter M which is  zero above the transition and 
changes continuously across the transition

• Close to the transition (T≈Tc) espand the free energy - Taylor series

• Take the most simple form for the coefficients a(T) and b(T):

b(T)= b = const 

a(T) = a0(T-Tc) with a0 > 0

This choice allows F(M) to have solutions with M≠0



SOLID STATE PHYSICS 623 

y=-I-xsx 

y=tanhx 

Fig. 1 Graphical solution of the mean field equation (T/Tc) x = tanhx, for the spontaneous 
magnetization of a ferromagnetic crystal. 

Fig. 2 Spontaneous magnetization as function of temperature. 

the identification of the quantity Tc with the critical temperature will become apparent 
soon. Eq. (5) thus takes the form 

z=r X = t anh X 
Tc 

(7) 

The solution of this equation is obtained plotting separately the first member (a fam-
ily of straight lines) and the second member as functions of x, and looking for the 
intersections between the curves; the graphical solution is shown in Fig. 1. 

With the help of Fig. 1, it is immediate to note that for T > Tc we have only the 
trivial solution x = 0 and thus M{T) = 0; however, below the critical temperature 
T < Tc we have also a non-trivial solution with non-zero M{T). The spontaneous 
magnetization M{T) as a function of temperature can be obtained graphically, and 
its typical behaviour is indicated in Fig. 2. 

LANDAU THEORY OF PHASE TRANSITIONS

Look for the ground state of the system asking for: 

M = 0   and

Obtain:

M = 0



HEISENBERG MODEL: MEAN FIELD

Define:

And write:

NOTE: 
Neglect fluctuations : 



HEISENBERG MODEL: MEAN FIELD

So that the hamiltonian we had

Nearest neighbours 
sum

can be written as:

Effective magnetic field



FREE ENERGY CALCULATION

Recall: 

Partition function: Z(N,H,T)



FREE ENERGY CALCULATION

The magnetisation is the derivative of the free energy with respect to the applied field:

Trascendental equation that can be solved graphically



SOLID STATE PHYSICS 623 

y=-I-xsx 

y=tanhx 

Fig. 1 Graphical solution of the mean field equation (T/Tc) x = tanhx, for the spontaneous 
magnetization of a ferromagnetic crystal. 

Fig. 2 Spontaneous magnetization as function of temperature. 

the identification of the quantity Tc with the critical temperature will become apparent 
soon. Eq. (5) thus takes the form 

z=r X = t anh X 
Tc 

(7) 

The solution of this equation is obtained plotting separately the first member (a fam-
ily of straight lines) and the second member as functions of x, and looking for the 
intersections between the curves; the graphical solution is shown in Fig. 1. 

With the help of Fig. 1, it is immediate to note that for T > Tc we have only the 
trivial solution x = 0 and thus M{T) = 0; however, below the critical temperature 
T < Tc we have also a non-trivial solution with non-zero M{T). The spontaneous 
magnetization M{T) as a function of temperature can be obtained graphically, and 
its typical behaviour is indicated in Fig. 2. 

HEISENBERG MODEL: M. F. RESULTS

T à Tc

T à 0

Critical exponent 
β  = 0.5

Graphical solution T<TcT>Tc



Excited states: Spin waves – FM case 
Recall Heisenberg model J>0 Ferromagnetic coupling:

Only nearest neighbour interactions so:

Question: what is the first excited state?

Ground state energy:

E0 E1? NO!

δ runs on nearest neighbour



Excited states: Spin waves – FM case 

Spin waves 

Delocalized excitation state solutions



Back to Ising model:1D Analytical solution

Model: 
• linear chain of N+1 atoms 
• only nearest-neighbour interaction 
• spin s, isotropic coupling: 

The energy of the ground state (all spins are aligned) is:  

Let's take: 

So that in the limit S → ∞  the 
operators commute and the 
 classical result is recovered:



1D Analytical solution

Let us calculate the partition function to get the free energy (at H=0): 

If we take the si-1 vector as polar axis then si can be expressed in polar coordinates 
(θi,φi) and the integrals separate:

As ZN is invariant for K → - K the partition function is the same for  
Ferromagnetic (J > 0) and Antiferromagnetic (J < 0) coupling. 



 Numerical solutions: Monte Carlo method 
1. Take a chain of N spins with periodic boundary conditions (ring: 

si=si+N) with energy E 
2. Change a single element siàsi+δ=si’ 
   Six= Six+δ  
3. Accept new configuration {si’} if 
        E’< E or with Boltzman probability:  
      i.e. extract a random number r and accept the move if 
                     '  
4. Change each element in the system to complete 1 MC step 

6. Go back to step 2 

8. After a large number of steps equilibrium is reached at fixed T. 

r < e−β(E′�−E)



Monte Carlo method: results 1D 

Energy

Magnetisation H=0 
diverges as T à 0



2D Numerical Ising model
30x30 array

T=Tc,,H=0

T>>Tc

Try yourself on http://pages.physics.cornell.edu/sss/ising/ising.html

M(t)

At low T an up spin 
has larger probability 
of having up spin close 
by  

At higher T up spin has 
lower probability of 
having up spin as 
nearest neighbours



Monte Carlo method: results 3D 

PRB 181, 811 (1969)

Mean field result 

Obtain:

With: 



Monte Carlo method: results 3D 

PRB 181, 811 (1969)

Mean field result 

Obtain:

With: 

Magnetisation sample size dependence:



Monte Carlo method: results 3D 

PRB 181, 811 (1969)

Singularity 
At kBT/J = 1.6

Susceptibility at zero field

Critical temperature:

Magnetisation at zero field



MIXED APPROACHES: AN EXAMPLE

How to obtain ab-initio information on quantities at T≠ 0? 

It is possible to use first-principles approaches to calculate  
parameters used in model Hamiltonians and/or  
combined approaches. 

  Example:  
use ab-initio calculations, Heisenberg Hamiltonian and 
Monte Carlo simulations to calculate Curie Temperatures of 
Materials such as Dilute Magnetic Semiconductors



How it works:

Two steps procedure:

1.Perform ab-initio calculations of model systems

3.Operate a mapping with a model Hamiltonian  to 
extract parameters

5.Calculate quantities of interest



Dilute Magnetic Semiconductors
• Insert magnetic atoms into a semiconductor matrix to get a material which is at the 

same time ferromagnetic (hopefully) and semiconductor.

• As the spin is a conserved quantity in scattering, its life-time is large.

• Electronics based on spin-currents: manipulate charge and spin at the same time 
à manipulate more data/information



Example: 
Dilute Magnetic Semiconductors

Semiconductor matrix 
Es: GaAs

Replace some cation site with 
Mn à get a ferromagnet

Magnetic ordering temperature (Tc) depends on 
Mn and hole concentrations (GaAs-doping)



Main Approximations
• Adiabatic approximation: magnons are slower than electrons (electrons 

fully relaxed)

• Force theorem: changes in the total energy are related to rigid rotations of 
magnetic moments

• Exchange integrals are evaluated at T=0: assume low dependence on T



Model
• Calculate the pure system (GaAs) and the DMS at various Mn concentrations from ab-

initio methods.

• Consider atoms represented as scattering centers, -> ‘mix’ scatterer potentials of Ga and 
Mn to get an array of scattering centers

• at fixed concentrations - two or more species are treated as an effective medium    
           Coherent Potential Approximation (CPA)

• Get total energies of the Magnetic (FM), EFM
     and Paramagnetic (PM) state, EPM

l  Shiba, H., Prog. Theor. Phys. 46, 77.

paramagnetic state           disordered local 
     (CPA)                                  moment 



Model Heisenberg – Mean Field
Simplest form, recall
Mean-field approximation:  

x= concentration 

Exchange coupling of 
 magnetic impurity

Get an estimate of Tc from: 



Some results:

Sato, K. et al. J. Phys.: Condens. 
Matter 16, S5491. , 2004

Experimentally: 
highest Tc obtained ≈ 110 K  
GaMnAs 

Different behaviors due to 
different exchange 
mechanisms

Overestimate of the FM alignment due to several reasons: 
Exchange interaction depends on distance, direction..+ percolation effects..

oms, at sites i and j over the positional and orientational
disorder of all other Mn impurities. The result is that
one has to replace the Green’s function Gij in Eq. !9" by
the conditionally averaged Green’s function #Gij

MnMn$ for
two Mn impurities i and j in the CPA medium !Akai,
1998". This conditional Green’s function for two impuri-
ties of type Q at sites i and j is given by

#Gij
QQ$ = %1 − Gii

CPA!ti
Q − ti

CPA"&−1

!Gij
CPA%1 − Gjj

CPA!tj
Q − tj

CPA"&−1. !10"

The first factor describes the scattering at impurity Q at
site i, the second factor, given by the CPA Green’s func-
tion Gij

CPA, the propagation from site i to site j in the
CPA medium, and the third factor the scattering at the
impurity at site j. For simplicity the spin indices ↑ or ↓
are neglected; they are the same for all factors in Eq.
!10". The prefactors and postfactors in Eq. !10" are par-
ticularly important for strong scattering, i.e., when a vir-
tual bound state exists for a given energy and spin direc-
tion, where they strongly enhance the CPA Green’s
function. The factors are not important for weak scatter-
ing.

Recently it has been shown that the conditional aver-
age expression for #Gij

QQ$ is not optimal for small con-
centrations; in particular, it leads to too large an ex-
change coupling for near neighbors in double-exchange
systems. In this case Gij

CPA should be replaced by the
exact expression for the impurity pair !Qi ,Qj" in the
CPA medium !Sato et al., 2007b".

Quadratic averages #GG$, describing vertex correc-
tions, have been shown to vanish at first order due to the
vertex-cancellation theorem !Turek et al., 2006". Thus
the Lichtenstein formula %Eq. !9"& has the important ad-
vantage that a direct calculation of the ensemble-
averaged coupling constants Jij is possible via the CPA
formalism. This is very difficult to achieve by any other
method. For instance, in the supercell method one has to
calculate the total energy difference between a tilted
and a nontilted configuration of two Mn atoms, with the
other Mn atoms more or less statistically distributed.
This needs large supercells and many self-consistent cal-
culations for different Mn environments, which is an ex-
tremely time-consuming procedure !see Sec. III.D.3".

B. Concentration dependence of TC
MFA and carrier doping

effects

As a characteristic example of mean-field calculations
we show in Fig. 14 the results for TC

MFA of !Ga,Mn"N,
!Ga,Mn"P, !Ga,Mn"As, and !Ga,Mn"Sb !Sato, Deder-
ichs, et al., 2004". These Mn-doped systems show dra-
matic changes in the concentration dependence for the
different anion atoms. As shown in the figure, TC

MFA in-
creases approximately proportionally to the square root
of the Mn concentration c for !Ga,Mn"N, !Ga,Mn"P, and
!Ga,Mn"As. In particular, TC

MFA of !Ga,Mn"N shows a
sharp increase for low concentrations before it becomes
reduced. As a result, TC

MFA has a maximum at around

5% Mn concentration. In !Ga,Mn"P, after the sharp in-
crease for low concentrations, TC

MFA saturates at around
300 K for higher concentrations. The increase in TC

MFA

of !Ga,Mn"As is rather moderate compared to that in
!Ga,Mn"P. Finally, !Ga,Mn"Sb shows an almost linear
concentration dependence. As a whole, the increase in
TC

MFA with c becomes less pronounced from GaN to
GaSb. This transition in the concentration dependence
of TC

MFA originates from a systematic change in the
dominant exchange mechanism !Sato, Dederichs, et al.,
2004", with double exchange dominating for !Ga,Mn"N
and p-d exchange determining the behavior of
!Ga,Mn"Sb, while for !Ga,Mn"As both mechanisms are
important.

Carrier doping effects. The magnetic properties of
DMSs can be controlled by band filling effects. Al-
though the MFA does not give an accurate prediction of
TC, we show the calculated doping dependence of TC

MFA

in !Ga,Mn"As and !Ga,Mn"N, in order to investigate the
qualitative behavior of the dependence of TC !Sato et al.,
2003".

In Fig. 15, the calculated values of TC
MFA of !Ga,Mn"N

and !Ga,Mn"As are shown as a function of additional
carrier concentration. In both cases, additional holes are

0

100

200

300

400

0 2 4 6 8 10 12 14

(Ga, Mn)N

(Ga, Mn)P

(Ga, Mn)As

(Ga, Mn)Sb

C
ur

ie
te

m
pe

ra
tu

re
(K

)

Mn concentration (%)

FIG. 14. Calculated TC
MFA of !Ga,Mn"N, !Ga,Mn"P,

!Ga,Mn"As, and !Ga,Mn"Sb as a function of Mn concentration.
From Sato, Dederichs, et al., 2004.
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pounds". From Sato et al., 2003.
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Can we improve?
Calculate exchange interaction parameters at 
different distances
Defects (i.e. antisites not effective for magnetism)
Parametrize exchange parameters

0
{ If dij< dn

otherwise y = antisite concentration

of oscillations that are inversely proportional to the size
of the Fermi surface and hence to the Mn concentration;
and !ii" the disorder and half-metallic character of the
host semiconductor alloy becomes more pronounced
with increasing concentration of Mn impurities, which
reduces the size of the exchange interaction. For short
distances a strong increase in the coupling with decreas-
ing concentration is observed, which has a different ori-
gin and which we attribute to a failure of the CPA; i.e.,
the neglect of the multiple impurity-impurity scattering
events. Clearly, for x→0 the impurity interaction should
level off to the value in pure GaAs.

The presence of a narrow Mn virtual bound state in
!Ga,Mn"As and, in particular, the Mn impurity bands
localized inside the gap of the GaN host invoke natu-
rally the question of relevance of electron correlations in
such bands and their influence on the exchange interac-
tions. There are few studies of electronic properties of
!Ga,Mn"As and !Ga,Mn"N alloys in the framework of
the LDA+U approach, employing both supercell !Du-
darev et al., 1998 ; Sandratskii et al., 2004; Shick et al.,

2004" and Green’s function methods !Sandratskii et al.,
2004; Sato, Dederichs, et al., 2004; Shick et al., 2004". The
method of self-interaction corrections !Filippetti and
Spaldin, 2003", which avoids the use of empirical param-
eters !for example, the Hubbard interaction parameter
U", was also used but its application seems to be better
justified for well-localized impurity subbands #for ex-
ample, !Ga,Mn"N$ !Shick et al., 2004; Schulthess et al.,
2007 ". On the other hand, corresponding estimates of
exchange integrals are still rather rare and limited to the
LDA+U approach !Sandratskii et al., 2004; Sato, Deder-
ichs, et al., 2004; Kudrnovský et al., 2004".

The dependence of exchange interactions on electron
correlations was studied in the framework of the LDA
+U method !Kudrnovský et al., 2004; Sandratskii et al.,
2004; Sato, Dederichs, et al., 2004" Results for !Ga,
Mn"As are shown in Fig. 37 where they are compared to
their corresponding LDA counterparts. For Mn a U
value of 4.1 eV !with J=1.1 eV" has been used. Electron
correlations shift the majority Mn d band to higher bind-
ing energies !Sandratskii et al., 2004; Shick et al., 2004",
thus weakening the effect of disorder at the Fermi en-
ergy. As a result, the damping at E F is smaller and the
half-metallic character weakens, which leads to spatially
slightly more extended interactions with better pro-
nounced oscillations !Kudrnovský et al., 2004". This is
seen more clearly in Fig. 37 !b", where this effect is mag-
nified by multiplication of the exchange interactions by
the RKKY factor !d /a"3. On the other hand, the overall
character of the exchange interactions remains seem-
ingly unchanged: the exchange interactions are some-
what reduced for smaller distances, but are enhanced
and longer ranged for larger distances. As discussed in
Sec. III.C.3, these changes result from an important
change in the underlying exchange mechanism, which
changes from dominating double exchange in the LDA
to an increasing degree of p-d exchange in the LDA
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of oscillations that are inversely proportional to the size
of the Fermi surface and hence to the Mn concentration;
and !ii" the disorder and half-metallic character of the
host semiconductor alloy becomes more pronounced
with increasing concentration of Mn impurities, which
reduces the size of the exchange interaction. For short
distances a strong increase in the coupling with decreas-
ing concentration is observed, which has a different ori-
gin and which we attribute to a failure of the CPA; i.e.,
the neglect of the multiple impurity-impurity scattering
events. Clearly, for x→0 the impurity interaction should
level off to the value in pure GaAs.

The presence of a narrow Mn virtual bound state in
!Ga,Mn"As and, in particular, the Mn impurity bands
localized inside the gap of the GaN host invoke natu-
rally the question of relevance of electron correlations in
such bands and their influence on the exchange interac-
tions. There are few studies of electronic properties of
!Ga,Mn"As and !Ga,Mn"N alloys in the framework of
the LDA+U approach, employing both supercell !Du-
darev et al., 1998 ; Sandratskii et al., 2004; Shick et al.,

2004" and Green’s function methods !Sandratskii et al.,
2004; Sato, Dederichs, et al., 2004; Shick et al., 2004". The
method of self-interaction corrections !Filippetti and
Spaldin, 2003", which avoids the use of empirical param-
eters !for example, the Hubbard interaction parameter
U", was also used but its application seems to be better
justified for well-localized impurity subbands #for ex-
ample, !Ga,Mn"N$ !Shick et al., 2004; Schulthess et al.,
2007 ". On the other hand, corresponding estimates of
exchange integrals are still rather rare and limited to the
LDA+U approach !Sandratskii et al., 2004; Sato, Deder-
ichs, et al., 2004; Kudrnovský et al., 2004".

The dependence of exchange interactions on electron
correlations was studied in the framework of the LDA
+U method !Kudrnovský et al., 2004; Sandratskii et al.,
2004; Sato, Dederichs, et al., 2004" Results for !Ga,
Mn"As are shown in Fig. 37 where they are compared to
their corresponding LDA counterparts. For Mn a U
value of 4.1 eV !with J=1.1 eV" has been used. Electron
correlations shift the majority Mn d band to higher bind-
ing energies !Sandratskii et al., 2004; Shick et al., 2004",
thus weakening the effect of disorder at the Fermi en-
ergy. As a result, the damping at E F is smaller and the
half-metallic character weakens, which leads to spatially
slightly more extended interactions with better pro-
nounced oscillations !Kudrnovský et al., 2004". This is
seen more clearly in Fig. 37 !b", where this effect is mag-
nified by multiplication of the exchange interactions by
the RKKY factor !d /a"3. On the other hand, the overall
character of the exchange interactions remains seem-
ingly unchanged: the exchange interactions are some-
what reduced for smaller distances, but are enhanced
and longer ranged for larger distances. As discussed in
Sec. III.C.3, these changes result from an important
change in the underlying exchange mechanism, which
changes from dominating double exchange in the LDA
to an increasing degree of p-d exchange in the LDA
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over five different disorder configurations and the critical
temperature was determined using the cumulant crossing
method [5,21]. Exchange interactions up to 16 shells of
neighboring spins in the Heisenberg model were used to
achieve convergence with respect to the shell number.

In Fig. 1 we show the calculated values [22] of the
interatomic exchange interaction for Mn in GaAs and
GaN as well as for Cr in ZnTe, which all are ferromag-
netic essentially over all distances, which explains the
ferromagnetism in these alloys. They also exhibit expo-
nential damping with respect to distance due to disorder
effects and the half-metallic nature of these systems [6].
From Fig. 1 we observe that the exchange interactions are
strongly material dependent: the behavior of Mn in GaAs
is quite different from that of Mn in GaN or Cr in ZnTe.
Another important feature is a strong directional depen-
dence in the coupling, as shown in Ref. [6]. All these
results demonstrate that one needs to employ material-
dependent exchange interactions rather than ad hoc
chosen functional forms or empirical parametrizations
[14,15] in order to calculate critical temperatures in DMS
materials.

In Table I we compare the critical temperatures calcu-
lated in different approximations for Mn-doped GaAs
and GaN, as well as for Cr-doped ZnTe, with experimen-
tal data. In the calculations we have employed concen-
trations of Mn and Cr atoms that are similar to those
reported in the experimental studies. The effect of As
antisites in Mn-doped GaAs is also considered as a pro-
totype of native defects [3]. The self-consistently deter-
mined carrier concentration n in this case is n !x"2y,
where x and y are, respectively, concentrations of Mn
atoms and As antisites. The most important finding
from Table I is that only Monte Carlo simulations that
assume a realistic, random distribution of magnetic atoms
give ordering temperatures of Cr-doped ZnTe and Mn-
doped GaAs and GaN that are satisfactory, i.e., either are
in good agreement with experiment or that lie within the
range of experimentally observed ordering temperatures.
For example, for 5% Mn in GaAs we obtain results
ranging from 26 to 137 K, depending on carrier concen-

tration, which should be compared to experimental data
ranging from 45 to 118 K. The large spread in the experi-
mental values reflects the fact that the samples produced
early had a higher concentration of compensating defects
whereas the most recently fabricated samples are essen-
tially defect free [4]. It is important that the theory
captures this behavior on a quantitative level. Finally,
our calculations for (5%) Mn-doped GaN give low order-
ing temperatures, which suggests that those samples of
Mn-doped GaN that exhibit high ordering temperatures
are heavily influenced by clustering effects or phase
separation.

One may also note that the MFA values overestimate
the critical temperatures somewhat, as compared to MC-
VCA and RPA-VCA calculations. In addition we note that
MC-VCA and RPA-VCA results agree well with each
other [17]. The calculations on an averaged lattice
(VCA) in general strongly overestimate the critical tem-
peratures, since the large nearest-neighbor interactions
(NN) included in theVCA-like approaches are effectively
missing in the MC model which has real distances among
impurities. If we omit the first NN interaction in the MFA
expression, the critical temperatures for 5% Mn-doped
GaAs (GaN) are reduced to 163 K (77 K), which is rather
close to the MC (random) results. One can also compare
the most realistic results in Table I with data obtained
from Monte Carlo simulations on an ordered lattice by
Bergqvist et al. [5]. From such a comparison it becomes
clear that the random distribution of the magnetic atoms
lowers the calculated critical temperature with on average
50%. Finally, we remark that the large value of the
critical temperature for Zn0:8Cr0:2Te is due to the fact
that first NN interactions become important for these
large Cr concentrations, since one approaches the perco-
lation limit.

In conclusion, we have reproduced the ordering tem-
peratures of several archetypical group III-V and II-VI
diluted magnetic semiconductors. We have demonstrated,
by combining first principles theory with Monte Carlo
simulations, that a proper theoretical treatment of the
magnetic atoms in a diluted magnetic semiconductor, is

TABLE I. Critical temperatures of Mn-doped GaAs without and with As antisites, Mn-doped GaN, and Cr-doped ZnTe in K.
MFA denotes the mean field result, MC-VCA the result from MC simulations on an average ordered network of magnetic atoms, and
MC (random) the main result from MC simulations on a disordered network of magnetic atoms. We also include the RPA-VCA [17]
values for all systems. In all calculations the same number of shells (16) was included. Expts. denotes experimental values from
Refs. [3,8,9].

#Ga0:95"yAsyMn0:05$As #Ga1"xMnx$N #Zn1"zCrz$Te
y ! 0:0 y ! 0:005 y ! 0:01 y ! 0:0125 y ! 0:015 x ! 0:03 x ! 0:05 x ! 0:08 z ! 0:20

Expts. 45–118 45–118 45–118 45–118 45–118 0–370 0–370 0–370 300 % 10
MFA 281 222 131 72 3 342 376 376 557
MC-VCA 272 215 130 70 0 305 330 334 491
RPA-VCA 266 212 128 70 0 293 327 323 477
MC (random) 137 124 92 55 26 35 55 90 301
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are somewhat surprising when compared with the rela-
tively large differences between the two methods in the
mean-field approximation, as shown in Fig. 21 and dis-
cussed in Sec. III.C. The reason is that there are two
compensating effects shown in Fig. 37 . In LDA+U the
main interactions for small distances are smaller, which
lowers the Curie temperature somewhat, but the inter-
actions are more long ranged, which diminishes the ef-
fect of reduction due to percolation. In total LDA and
LDA+U give similar results for small concentrations.

In a recent study !Bouzerar et al., 2005b" it was shown
that the present two-step approach also allows samples
to be studied that contain compensating defects. Indeed,
the variation of the Curie temperature in samples with a
fixed nominal Mn concentration were reproduced but
had different annealing treatment. It was shown that the
calculated results were consistent only with the assump-
tion that the dominant mechanism for compensation is

the presence of Mn interstitials. The assumption that As
antisites dominate is inconsistent with recent experimen-
tal data !Edmonds et al., 2002a; Glas et al., 2004;
Tuomisto et al., 2004". The problem of calculating the
Curie temperature of a sample that contains both Mn
atoms substituting for Ga atoms, denoted here as
Mn!Ga", and Mn at interstitial positions, Mn!I", is
mapped onto an effective model where the substitu-
tional Mn spins coupled to Mn!I" were removed. Micro-
scopic calculations indicate that the Mn!I" exist prefer-
entially on interstitial sites adjacent to occupied Mn!Ga"
sites, and that the coupling between interstitials and ad-
jacent moment is strongly antiferromagnetic !Mašek and
Máca, 2004; Mikkelsen et al., 2004". Thus a pair of
Mn!I"-Mn!Ga" atoms is stable and magnetically inactive
and can thus be removed. We denote by xeff the density
of remaining active Mn atoms. For each sample we have

0 0.02 0.04 0.06 0.08 0.1 0.12
XMn

0

50

100

150

200

250

T c
(K
)

Theory
Exp. annealed, Edmonds et al.
Exp. as grown, Edmonds et al.
Exp. Matsukura et al.
Exp. Chiba et al.

GaMnAs

FIG. 40. !Color online" Curie
temperature in Ga1−xMnxAs as
a function of x. The triangles
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tively large differences between the two methods in the
mean-field approximation, as shown in Fig. 21 and dis-
cussed in Sec. III.C. The reason is that there are two
compensating effects shown in Fig. 37 . In LDA+U the
main interactions for small distances are smaller, which
lowers the Curie temperature somewhat, but the inter-
actions are more long ranged, which diminishes the ef-
fect of reduction due to percolation. In total LDA and
LDA+U give similar results for small concentrations.

In a recent study !Bouzerar et al., 2005b" it was shown
that the present two-step approach also allows samples
to be studied that contain compensating defects. Indeed,
the variation of the Curie temperature in samples with a
fixed nominal Mn concentration were reproduced but
had different annealing treatment. It was shown that the
calculated results were consistent only with the assump-
tion that the dominant mechanism for compensation is

the presence of Mn interstitials. The assumption that As
antisites dominate is inconsistent with recent experimen-
tal data !Edmonds et al., 2002a; Glas et al., 2004;
Tuomisto et al., 2004". The problem of calculating the
Curie temperature of a sample that contains both Mn
atoms substituting for Ga atoms, denoted here as
Mn!Ga", and Mn at interstitial positions, Mn!I", is
mapped onto an effective model where the substitu-
tional Mn spins coupled to Mn!I" were removed. Micro-
scopic calculations indicate that the Mn!I" exist prefer-
entially on interstitial sites adjacent to occupied Mn!Ga"
sites, and that the coupling between interstitials and ad-
jacent moment is strongly antiferromagnetic !Mašek and
Máca, 2004; Mikkelsen et al., 2004". Thus a pair of
Mn!I"-Mn!Ga" atoms is stable and magnetically inactive
and can thus be removed. We denote by xeff the density
of remaining active Mn atoms. For each sample we have
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proximation !LRPA"18 and MC simulations. Here, we em-
ploy the Monte Carlo method, which, in principle, solves the
spin fluctuations and disorder in the Heisenberg model ex-
actly. One of the reason that the VCA description does not
work for diluted systems is that the average separation be-
tween magnetic impurities is much larger than the nearest
neighbor distance. For example, on a fcc lattice with 5%
magnetic atoms, the average separation is slightly more than
two lattice constants. Therefore, the thermodynamic quanti-
ties !TC" are mainly determined by the exchange interactions
around the average separation, and the nearest neighbor in-
teractions do not carry much weight. Therefore, the calcu-
lated Curie temperatures from the MC simulations are much
smaller than the MFA-VCA results. In LDA, the Curie tem-
peratures from MC are basically constant around 100 K for
the whole volume interval in Ga0.95Mn0.05As !although a flat
maximum is obtained for around the experimental lattice
constant", while the results from the MFA-VCA show a dis-
tinct maximum for slightly expanded lattices due to the
maximum of J1 at this volume. In LDA+U, the calculated
Curie temperatures increase slightly upon pressure, but over-
all the values are lower than the LDA results, in agreement
with previous results.17

B. In0.95Mn0.05As

The system In0.95Mn0.05As was chosen as its pressure de-
pendence of the critical temperatures is a bit different from
that of the Ga0.95Mn0.05As, as we will see below. The experi-
mental lattice constant is 6.06 Å. All the following calcula-
tions were done using the LDA approximation.

1. Local moments and exchange parameters

For the three lattice constants !two compressed lattices
with !a/aexp =−6% and −4% and for the experimental lattice
constant", the calculated moments are given in Table I and
the exchange coupling parameters Jij are displayed in Figs.
4!a" and 4!b". The values are obtained by the LDA methods.
Comparing with the LDA and LDA+U results for !Ga,M-
n"As, we see that the LDA results for !In,Mn"As resemble
more the LDA+U results for !Ga,Mn"As than the LDA re-
sults. Thus, even in LDA, the physical behavior is well de-
scribed by p -d exchange. This is clearly shown in Fig. 4!a",
where the interactions from the second to seventh cell show
a monotonic increase with increasing pressure, and in Fig.
4!b", where the contributions of the different coordination
shells to the mean field value of the critical temperatures are
displayed !n 0jJ0j, where n 0j are the coordination number of
shell j". However, the first nearest neighbors show a more
complex behavior, and J01 has a maximum for −2% and
slightly decreases for large compression, showing that also in
!In,Mn"As super exchange becomes important.

2. Critical temperatures

The pressure dependence of the Curie temperatures is dis-
played in Fig. 5. Two different mean field estimates are
shown, the first one is estimated from the Mn on-site ex-
change parameter J0 and the second one from the Mn-Mn
exchange interactions Jij. The difference between the two

estimates are around 10% !which can be attributed to Mn-
As, Mn-Ga, and Mn-interstitial contributions". Contrary to
Ga0.95Mn0.05As !in LDA", the critical temperatures increase
with pressure, although the effect is rather weak. A similar
kind of behavior has been observed in Mn-doped InSb,8

which goes from a nonmagnetic material to a magnetic ma-
terial !although with very low TC" under pressure. This is
very different from normal itinerant magnetic metals, which
typically have a lower TC when applying pressure. However,
in rare-earth systems with localized 4f states, the opposite is
true; i.e., they typically have an increasing TC under pres-
sure.

IV. DISCUSSION AND SIMPLE MODEL

In this section, we will further discuss the behavior of J0
as a function of the lattice constant in both GaMnAs and
InMnAs according to a simple model. We consider the cou-
pling between !i" Mn dand host p states !responsible for the
stabilization of the hole-induced FM spin arrangement via a

0.5 1 1.5 2 2.5 3

0

0.2

0.4

0.6

0.8

1

1.2

d/a

J 0j
(m

R
y)

−6 %
−4 %
Exp. latt

5.7 5.8 5.9 6

0

5

10

15

Lattice parameter (Å)
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FIG. 4. !Color online" !a" Calculated exchange interactions of
In0.95Mn0.05As using the KKR method in the LDA approximation as
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est neighbor coupling constant, which for a 4% compression
decrease by a factor of 3 and become negative for compres-
sions larger than 5%.

This strong tendency toward antiferromagnetic coupling
arises from super exchange, which basically varies as

!Esuper ! c
"tdd"2

!xs
, # 5$

where c denotes the concentration, tdd is the hopping matrix
element between majority d states and minority d states of
the impurity, and !xs is the exchange splitting, being in LDA
proportional to the local moment. Upon compression, tdd in-
creases, while at the same time !xs decreases due to the
reduction of the local moment. Usually, super exchange is
very short ranged, affecting mostly the nearest neighbor cou-
plings.

A clearer picture of the behavior of the different coupling
mechanisms with compression can be obtained from Fig. 1,
which shows in addition to the local DOS curve versus the
energy E-EF, also the exchange coupling constants J01# EF

*$ to
the nearest neighbors as a function of an artificially changed
Fermi level EF

*, away from the self-consistent value of EF.
Both in LDA and LDA+U, these curves show three peaks
close to EF: First, a peak at around −0.3 eV arises due to p-d

exchange and double exchange from the resonance at EF.
Second, the strongly negative value above EF arises from the
super exchange. Third, the positive peak at 1–2 eV above EF
arises from double exchange due to the minority d state in
this energy region. The most important difference between
the LDA and LDA+U is the much larger exchange splitting
of !U, which shifts the majority peak down below −4 eV
and, at the same time, the minority peak up by about 1.5 eV.
Due to this, the exchange splitting in Eq. #5$ is strongly
increased, significantly reducing the super exchange in the
energy gap region by as much as a factor of 4 since in
LDA+U the exchange !xs in Eq. #5$ is given by the Hubbard
U value. As a consequence, in LDA+U the super exchange
is not important for the self-consistent J01 values in GaM-
nAs, whereas in LDA the J01 values strongly decrease with
compression due to super exchange. Thus, in LDA the be-
havior of #Ga,Mn$As is determined by a complex superposi-
tion of double exchange, p-d exchange, and super exchange,
while in the more realistic LDA+U approach, p-d exchange
alone dominates the behavior, up to very strong compres-
sions, where, finally, also in LDA+U super exchange will
destabilize ferromagnetism.

4. Critical temperatures

In Fig. 3, the calculated critical temperatures in
Ga0.95Mn0.05As using exchange interactions from the LDA
and LDA+U approximations, are displayed. In the MFA,
together with the VCA, all exchange interactions have the
same weight, and due to the dominating nearest neighbor
exchange interaction the values are very high. However, as
have been demonstrated in several previous studies,16–19 the
MFA-VCA description is too oversimplified and cannot be
applied to DMS systems. More specifically, the use of an
average lattice #VCA$ is not applicable to diluted systems.
Instead, one has to rely on a lattice model where the Heisen-
berg model is solved numerically. Basically, two methods in
this line have been developed: the local random phase ap-

(a)

(b)

FIG. 2. #Color online$ Calculated exchange interactions of
Ga0.95Mn0.05As using the KKR method in the #a$ LDA approxima-
tion and #b$ LDA+U approximation as a function of distance d # in
units of lattice constant a$ .
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One of the most fascinating open problems in condensed  
matter physics is the appearance of unconventional super-
conductivity close to a quantum critical point (QCP), a 

zero-temperature phase transition driven by a control parameter  
like pressure, charge-doping or magnetic field. The interplay bet-
ween a T = 0 quantum phase transition and superconductivity is 
well documented in heavy fermions1–3 and is suspected to have an 
important role in cuprates4–8 and iron-based superconductors 9–12.

The conventional wisdom is that as the system is tuned close  
to the QCP the main effect of critical fluctuations is to act as the 
pairing glue, responsible for the superconducting phenomenon.6,7,13 
She and Zaanen14 have recently suggested to shift the attention from 
the pairing glue to the pairing susceptibility. This is an insightful 
point of view because, at quantum criticality, the system has a large 
ground state degeneracy, and superconductivity is a natural candi-
date to remove this degeneracy3,15,16. Thus, the enhanced supercon-
ductivity close to a QCP can be seen as the effect of an enhanced 
pairing susceptibility as the QCP is approached, rather than the 
effect of an enhanced interaction.

Layered superconductors based on Fe–As planes with a transi-
tion temperature up to 26 K in LaFeAsO1 − xFx and exceeding 50 K 
in related compounds have appeared as a new test ground for QCP 
ideas. Neutron scattering experiments17 have shown that long-
range magnetic stripe order as depicted schematically in Figure 1a  
develops in the FeAs planes of the parent compound, as predicted 
by density functional theory18. On doping the magnetic order is 
suppressed and disappears at zero temperature at a QCP. The phase 
diagram is strikingly similar to that of heavy fermions where the 
QCP is inside or on the edge of the superconducting dome, which 
strongly suggests that QCP physics has a major role.9–12

Empirically, the magnetic ‘thermal’ transitions indeed show 
two types of behaviour19,20. In some compounds, typical of the so-
called 122 family, like, for example, SrFe2As2, the transition is of first 
order, whereas in compounds of the 1111 family (like LaFeAsO), it 
appears as second order. This gives a first indication that the iron 
pnictides are close to a tricritical point, that is, a point in the tem-
perature–x plane, where x is a non-thermal parameter, and where  
the nature of the transition changes from first to second order. It 
is conceivable, in principle, that, by changing two non-thermal  
parameters, the tricritical point can be driven to low or even zero 
temperature, giving rise to a quantum tricritical point (QTCP) 
where a wealth of unconventional quantum critical phenomena is 
expected to occur.21–23 Although it seems unlikely that a material in 
which one non-thermal parameter is controlled can be tuned to a 
QTCP, as a matter of fact, in recent years, materials have emerged 
which appear to be surprisingly close to a QTCP, and accordingly 
show unexpected phenomena. For example, spiral ferromagnet-
ism in ultraclean MnSi appears at a second-order phase transition 
at ambient pressure with a Curie temperature Tc that decreases  
monotonically with pressure and turns into a first-order phase  

transition very close to the critical pressure pc, where Tc is driven to 
zero. The proximity to a QTCP can be responsible for the anoma-
lously broad and yet not-well-understood region of partial order 
and non-Fermi-liquid behaviour found for pressure above pc

24,25. 
It is believed that, in this material, the lack of inversion symmetry  
suppresses superconductivity and other exotic orders have been 
proposed to emerge26–28. QTCP behaviour has also been proposed 
to occur in Sr3Ru2O7 (ref. 29) and in some heavy-fermion anti- 
ferromagnets. In the latter case one can tune to the QTCP using 
both a uniform magnetic field and pressure. As stressed in ref. 21, a 
remarkable property of QTCP’s is that not only the order parameter 
fluctuations diverge but the susceptibility of the conjugate variables 
of the control fields (like the uniform magnetic susceptibility in the 
latter example) diverge as well.

The nature of the magnetic phase transition in iron pnictides  
can be determined from a Landau order parameter analysis, if 
the coefficients that appear in the expansion are known. Here, by 
identifying all possible and relevant magnetic phases30 close to 
a potential tricritical point, we determine all the coefficients of  
the Landau theory in LaFeAsO as a function of doping from first 
principles, computing total energies in a constrained density  
functional approach31 within the local-density approximation 
(LDA)32–34. Using this approach, we find that LaFeAsO is surpris-
ingly close to a QTCP that will strongly affect the superconducting 
and normal state properties. The resulting effective field theory11 
shows that, at this critical point, an Ising and a continuous order 
parameter vanish concomitantly. A structural transition must, 
therefore, be very close to the magnetic one, as indeed is found in 
the experimental phase diagram of LaFeAsO35.

Results
Landau Theory. We can construct the Landau theory of magnetic 
order in iron-based superconductors on the basis of the assumption 
that the dominant magnetic instability of FeAs planes is at momentum 
(P, 0) and (0, P) where we use a notation with a single Fe per unit 
cell and take the Fe–Fe distance a x 1. A previous study30 has shown 
that a complete characterization of the physics around a potential 
QTCP in FeAs planes requires consideration not only of the well-
known magnetic stripe phase (MS) with ordering wave vector (P, 0) 
or (0, P) (Fig. 1a) but also of a phase in which magnetic moments 
at nearest neighbour sites are at right angles, termed orthomagnetic 
(OM) (Fig. 1b), and a phase in which the real space magnetization 
is zero in one sublattice and forms an antiferromagnetic structure in 
the other sublattice (Fig. 1c). This phase has spin and charge order 
(SCO) and is reminiscent of the charged stripe phase in cuprates. 
Consistently with the expected generality of a Landau analysis, these 
states indeed appear as low-lying energy phases in microscopic 
computations36, ab initio37,38 and density-matrix renormalization 
group studies39.

The Landau free energy, specialized for the three possible ordered 
phases, as a function of their total magnetization MT reads 
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We keep up to the sixth power of the magnetization to account  
for second- and first-order phase transitions. Knowledge of the 
seven coefficients appearing in equation (1) completely determines 
the Landau free energy functional around the tricritical point 
(except for gradient terms)30.

(1)(1)

cba MS SCOOM

Figure 1 | Magnetic orders. Competing magnetically ordered states 
in LaOFeAs. (a) is the well-known magnetic stripe phase. (b) is the 
orthomagnetic phase with the nearest neighbours magnetic moments at 
right angles and (c) is the spin-charge ordered phase.
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One of the most fascinating open problems in condensed  
matter physics is the appearance of unconventional super-
conductivity close to a quantum critical point (QCP), a 

zero-temperature phase transition driven by a control parameter  
like pressure, charge-doping or magnetic field. The interplay bet-
ween a T = 0 quantum phase transition and superconductivity is 
well documented in heavy fermions1–3 and is suspected to have an 
important role in cuprates4–8 and iron-based superconductors 9–12.

The conventional wisdom is that as the system is tuned close  
to the QCP the main effect of critical fluctuations is to act as the 
pairing glue, responsible for the superconducting phenomenon.6,7,13 
She and Zaanen14 have recently suggested to shift the attention from 
the pairing glue to the pairing susceptibility. This is an insightful 
point of view because, at quantum criticality, the system has a large 
ground state degeneracy, and superconductivity is a natural candi-
date to remove this degeneracy3,15,16. Thus, the enhanced supercon-
ductivity close to a QCP can be seen as the effect of an enhanced 
pairing susceptibility as the QCP is approached, rather than the 
effect of an enhanced interaction.

Layered superconductors based on Fe–As planes with a transi-
tion temperature up to 26 K in LaFeAsO1 − xFx and exceeding 50 K 
in related compounds have appeared as a new test ground for QCP 
ideas. Neutron scattering experiments17 have shown that long-
range magnetic stripe order as depicted schematically in Figure 1a  
develops in the FeAs planes of the parent compound, as predicted 
by density functional theory18. On doping the magnetic order is 
suppressed and disappears at zero temperature at a QCP. The phase 
diagram is strikingly similar to that of heavy fermions where the 
QCP is inside or on the edge of the superconducting dome, which 
strongly suggests that QCP physics has a major role.9–12

Empirically, the magnetic ‘thermal’ transitions indeed show 
two types of behaviour19,20. In some compounds, typical of the so-
called 122 family, like, for example, SrFe2As2, the transition is of first 
order, whereas in compounds of the 1111 family (like LaFeAsO), it 
appears as second order. This gives a first indication that the iron 
pnictides are close to a tricritical point, that is, a point in the tem-
perature–x plane, where x is a non-thermal parameter, and where  
the nature of the transition changes from first to second order. It 
is conceivable, in principle, that, by changing two non-thermal  
parameters, the tricritical point can be driven to low or even zero 
temperature, giving rise to a quantum tricritical point (QTCP) 
where a wealth of unconventional quantum critical phenomena is 
expected to occur.21–23 Although it seems unlikely that a material in 
which one non-thermal parameter is controlled can be tuned to a 
QTCP, as a matter of fact, in recent years, materials have emerged 
which appear to be surprisingly close to a QTCP, and accordingly 
show unexpected phenomena. For example, spiral ferromagnet-
ism in ultraclean MnSi appears at a second-order phase transition 
at ambient pressure with a Curie temperature Tc that decreases  
monotonically with pressure and turns into a first-order phase  

transition very close to the critical pressure pc, where Tc is driven to 
zero. The proximity to a QTCP can be responsible for the anoma-
lously broad and yet not-well-understood region of partial order 
and non-Fermi-liquid behaviour found for pressure above pc

24,25. 
It is believed that, in this material, the lack of inversion symmetry  
suppresses superconductivity and other exotic orders have been 
proposed to emerge26–28. QTCP behaviour has also been proposed 
to occur in Sr3Ru2O7 (ref. 29) and in some heavy-fermion anti- 
ferromagnets. In the latter case one can tune to the QTCP using 
both a uniform magnetic field and pressure. As stressed in ref. 21, a 
remarkable property of QTCP’s is that not only the order parameter 
fluctuations diverge but the susceptibility of the conjugate variables 
of the control fields (like the uniform magnetic susceptibility in the 
latter example) diverge as well.

The nature of the magnetic phase transition in iron pnictides  
can be determined from a Landau order parameter analysis, if 
the coefficients that appear in the expansion are known. Here, by 
identifying all possible and relevant magnetic phases30 close to 
a potential tricritical point, we determine all the coefficients of  
the Landau theory in LaFeAsO as a function of doping from first 
principles, computing total energies in a constrained density  
functional approach31 within the local-density approximation 
(LDA)32–34. Using this approach, we find that LaFeAsO is surpris-
ingly close to a QTCP that will strongly affect the superconducting 
and normal state properties. The resulting effective field theory11 
shows that, at this critical point, an Ising and a continuous order 
parameter vanish concomitantly. A structural transition must, 
therefore, be very close to the magnetic one, as indeed is found in 
the experimental phase diagram of LaFeAsO35.

Results
Landau Theory. We can construct the Landau theory of magnetic 
order in iron-based superconductors on the basis of the assumption 
that the dominant magnetic instability of FeAs planes is at momentum 
(P, 0) and (0, P) where we use a notation with a single Fe per unit 
cell and take the Fe–Fe distance a x 1. A previous study30 has shown 
that a complete characterization of the physics around a potential 
QTCP in FeAs planes requires consideration not only of the well-
known magnetic stripe phase (MS) with ordering wave vector (P, 0) 
or (0, P) (Fig. 1a) but also of a phase in which magnetic moments 
at nearest neighbour sites are at right angles, termed orthomagnetic 
(OM) (Fig. 1b), and a phase in which the real space magnetization 
is zero in one sublattice and forms an antiferromagnetic structure in 
the other sublattice (Fig. 1c). This phase has spin and charge order 
(SCO) and is reminiscent of the charged stripe phase in cuprates. 
Consistently with the expected generality of a Landau analysis, these 
states indeed appear as low-lying energy phases in microscopic 
computations36, ab initio37,38 and density-matrix renormalization 
group studies39.

The Landau free energy, specialized for the three possible ordered 
phases, as a function of their total magnetization MT reads 
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We keep up to the sixth power of the magnetization to account  
for second- and first-order phase transitions. Knowledge of the 
seven coefficients appearing in equation (1) completely determines 
the Landau free energy functional around the tricritical point 
(except for gradient terms)30.
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Figure 1 | Magnetic orders. Competing magnetically ordered states 
in LaOFeAs. (a) is the well-known magnetic stripe phase. (b) is the 
orthomagnetic phase with the nearest neighbours magnetic moments at 
right angles and (c) is the spin-charge ordered phase.
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Constrained density functional. Density functional theory calcu-
lations within LDA are a good starting point to determine a bare 
Landau energy functional as they provide reasonably good esti-
mates of ground state energy differences and of their derivatives 
as demonstrated, for example, by frozen phonon computations in 
strongly correlated systems40. Here we perform analogous ‘frozen 
magnetization’ computations to obtain the energy of the different 
phases and compute the Landau parameters (Methods).

In Figure 2 we show the total energy per Fe ion for the three 
competing phases as a function of the local Fe magnetic moment 
MT and different doping concentrations. The zero of the energy is 
taken at the MT = 0 state. The points are the LDA data and the lines 
the Landau fits. In general, we find that the latter provides an excel-
lent fit to the data, even when MT is not small. For the MS in the 
undoped case (x = 0), the energy curve shows a clear deep minimum 
for MT ~ 1.5 MB (Fig. 2a). By increasing the F-doping, the minimum 
moves to slightly lower magnetization values and eventually disap-
pears for x > 0.3 (Fig. 2b). The energy is extremely flat close to the 
critical point with the large moment state almost degenerates with 
the zero magnetic state and without the appearance of a notice-
able energy barrier. This behaviour already indicates proximity to 
a QTCP and an anomalously ‘soft’ magnetism at the transition. For 
the OM state (c.f. Fig. 2c and d), the behaviour has a more pro-
nounced first-order character. The metastable minimum persists up 
to large dopings with a sizeable barrier separating the large magneti-
zation state from the low-magnetization state. Finally, for the SCO 
state (Fig. 2e), the evolution is that of a typical second-order phase 
transition. We notice that the flatness of the energy landscape close 
to the critical point is a big obstacle for the numerical convergence 

of conventional unconstrained LDA computations, which is over-
come by our constrained calculations.

Ab-initio Landau parameters. From the statistical mechanics 
point of view, the LDA is a mean-field theory. Thus in the second-
order region of the phase diagram, at the LDA level, one should, 
and indeed does, find classical critical exponents. The order para-
meter as a function of a non-thermal parameter vanishes as |x–xα|β 
with BLDA = 1/2 far from the tricritical point and BLDA = 1/4 at the 
tricritical point. The coefficient of the quadratic term corresponds, 
irrespective of the phase under consideration, to the inverse of the 
susceptibility of the non-magnetic phase at momentum (P, 0) or (0, 
P). Thus, a single parameter A appears in equation (1). As a consist-
ency check, we allowed for different values of A in the fits and found 
that indeed A converges to practically the same values as a func-
tion of doping except for x~0 and 0.5 where higher order terms in 
the expansion become important (Fig. 3a). The vanishing of A at a 
critical doping xα determines the limit of stability of the paramagnet 
coming from large x. For the experimental lattice constants, we find 
A�~ 0.26(x–xα) eV/MB

2 with xα = 0.27.
Figure 3b and c show the behaviour of the quartic and sixth-order 

Landau parameters as a function of the doping concentration x. The 
behaviour is rather smooth and can be simply captured assuming a 
quadratic polynomial expansion except for the OM where a cubic 
term becomes important far from the critical point. For the MS and 
the OM phases, we find that the quartic coefficient B of the Landau 
expansion becomes negative above xB = 0.24 < xα. Therefore, the 
transitions from the non-magnetic state to the MS and OM phase 
are of first order whereas for the SCO state, B3 > 0, and the transition 
is a conventional second-order one. One can judge the relevance of 
the QTCP in the thermal crossovers by computing the height of the 
energy barrier at the point in which the magnetic and non-magnetic 
solutions become degenerate. For the MS, the barrier from the fits is 
nominally ~2 K per Fe atom that is much below the limit of accuracy 
of the computation, thus for all practical propose, the MS-non-mag-
netic transition occurs at a QTCP in LDA. The low barrier reflects 
an almost vanishing metastability range around the transition  
and the physics will be dominated by QTCP behaviour. The OM 
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Figure 2 | Constrained LDA energies. Energy per Fe for the MS (a, b), the 
OM phase (c, d) and the SCO phase (e) as a function of the Fe magnetic 
moment for different doping concentration x. The points are the results  
of LDA calculations whereas the continuous lines are fits using  
equation (1). (f) Energy per Fe for the MS phase for different values  
of the z coordinate of the As in the unit cell.
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Constrained density functional. Density functional theory calcu-
lations within LDA are a good starting point to determine a bare 
Landau energy functional as they provide reasonably good esti-
mates of ground state energy differences and of their derivatives 
as demonstrated, for example, by frozen phonon computations in 
strongly correlated systems40. Here we perform analogous ‘frozen 
magnetization’ computations to obtain the energy of the different 
phases and compute the Landau parameters (Methods).

In Figure 2 we show the total energy per Fe ion for the three 
competing phases as a function of the local Fe magnetic moment 
MT and different doping concentrations. The zero of the energy is 
taken at the MT = 0 state. The points are the LDA data and the lines 
the Landau fits. In general, we find that the latter provides an excel-
lent fit to the data, even when MT is not small. For the MS in the 
undoped case (x = 0), the energy curve shows a clear deep minimum 
for MT ~ 1.5 MB (Fig. 2a). By increasing the F-doping, the minimum 
moves to slightly lower magnetization values and eventually disap-
pears for x > 0.3 (Fig. 2b). The energy is extremely flat close to the 
critical point with the large moment state almost degenerates with 
the zero magnetic state and without the appearance of a notice-
able energy barrier. This behaviour already indicates proximity to 
a QTCP and an anomalously ‘soft’ magnetism at the transition. For 
the OM state (c.f. Fig. 2c and d), the behaviour has a more pro-
nounced first-order character. The metastable minimum persists up 
to large dopings with a sizeable barrier separating the large magneti-
zation state from the low-magnetization state. Finally, for the SCO 
state (Fig. 2e), the evolution is that of a typical second-order phase 
transition. We notice that the flatness of the energy landscape close 
to the critical point is a big obstacle for the numerical convergence 

of conventional unconstrained LDA computations, which is over-
come by our constrained calculations.

Ab-initio Landau parameters. From the statistical mechanics 
point of view, the LDA is a mean-field theory. Thus in the second-
order region of the phase diagram, at the LDA level, one should, 
and indeed does, find classical critical exponents. The order para-
meter as a function of a non-thermal parameter vanishes as |x–xα|β 
with BLDA = 1/2 far from the tricritical point and BLDA = 1/4 at the 
tricritical point. The coefficient of the quadratic term corresponds, 
irrespective of the phase under consideration, to the inverse of the 
susceptibility of the non-magnetic phase at momentum (P, 0) or (0, 
P). Thus, a single parameter A appears in equation (1). As a consist-
ency check, we allowed for different values of A in the fits and found 
that indeed A converges to practically the same values as a func-
tion of doping except for x~0 and 0.5 where higher order terms in 
the expansion become important (Fig. 3a). The vanishing of A at a 
critical doping xα determines the limit of stability of the paramagnet 
coming from large x. For the experimental lattice constants, we find 
A ~ 0.26(x–xα) eV/MB

2 with xα = 0.27.
Figure 3b and c show the behaviour of the quartic and sixth-order 

Landau parameters as a function of the doping concentration x. The 
behaviour is rather smooth and can be simply captured assuming a 
quadratic polynomial expansion except for the OM where a cubic 
term becomes important far from the critical point. For the MS and 
the OM phases, we find that the quartic coefficient B of the Landau 
expansion becomes negative above xB = 0.24 < xα. Therefore, the 
transitions from the non-magnetic state to the MS and OM phase 
are of first order whereas for the SCO state, B3 > 0, and the transition 
is a conventional second-order one. One can judge the relevance of 
the QTCP in the thermal crossovers by computing the height of the 
energy barrier at the point in which the magnetic and non-magnetic 
solutions become degenerate. For the MS, the barrier from the fits is 
nominally ~2 K per Fe atom that is much below the limit of accuracy 
of the computation, thus for all practical propose, the MS-non-mag-
netic transition occurs at a QTCP in LDA. The low barrier reflects 
an almost vanishing metastability range around the transition  
and the physics will be dominated by QTCP behaviour. The OM 
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Figure 2 | Constrained LDA energies. Energy per Fe for the MS (a, b), the 
OM phase (c, d) and the SCO phase (e) as a function of the Fe magnetic 
moment for different doping concentration x. The points are the results  
of LDA calculations whereas the continuous lines are fits using  
equation (1). (f) Energy per Fe for the MS phase for different values  
of the z coordinate of the As in the unit cell.
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Constrained density functional. Density functional theory calcu-
lations within LDA are a good starting point to determine a bare 
Landau energy functional as they provide reasonably good esti-
mates of ground state energy differences and of their derivatives 
as demonstrated, for example, by frozen phonon computations in 
strongly correlated systems40. Here we perform analogous ‘frozen 
magnetization’ computations to obtain the energy of the different 
phases and compute the Landau parameters (Methods).

In Figure 2 we show the total energy per Fe ion for the three 
competing phases as a function of the local Fe magnetic moment 
MT and different doping concentrations. The zero of the energy is 
taken at the MT = 0 state. The points are the LDA data and the lines 
the Landau fits. In general, we find that the latter provides an excel-
lent fit to the data, even when MT is not small. For the MS in the 
undoped case (x = 0), the energy curve shows a clear deep minimum 
for MT ~ 1.5 MB (Fig. 2a). By increasing the F-doping, the minimum 
moves to slightly lower magnetization values and eventually disap-
pears for x > 0.3 (Fig. 2b). The energy is extremely flat close to the 
critical point with the large moment state almost degenerates with 
the zero magnetic state and without the appearance of a notice-
able energy barrier. This behaviour already indicates proximity to 
a QTCP and an anomalously ‘soft’ magnetism at the transition. For 
the OM state (c.f. Fig. 2c and d), the behaviour has a more pro-
nounced first-order character. The metastable minimum persists up 
to large dopings with a sizeable barrier separating the large magneti-
zation state from the low-magnetization state. Finally, for the SCO 
state (Fig. 2e), the evolution is that of a typical second-order phase 
transition. We notice that the flatness of the energy landscape close 
to the critical point is a big obstacle for the numerical convergence 

of conventional unconstrained LDA computations, which is over-
come by our constrained calculations.

Ab-initio Landau parameters. From the statistical mechanics 
point of view, the LDA is a mean-field theory. Thus in the second-
order region of the phase diagram, at the LDA level, one should, 
and indeed does, find classical critical exponents. The order para-
meter as a function of a non-thermal parameter vanishes as |x–xα|β 
with BLDA = 1/2 far from the tricritical point and BLDA = 1/4 at the 
tricritical point. The coefficient of the quadratic term corresponds, 
irrespective of the phase under consideration, to the inverse of the 
susceptibility of the non-magnetic phase at momentum (P, 0) or (0, 
P). Thus, a single parameter A appears in equation (1). As a consist-
ency check, we allowed for different values of A in the fits and found 
that indeed A converges to practically the same values as a func-
tion of doping except for x~0 and 0.5 where higher order terms in 
the expansion become important (Fig. 3a). The vanishing of A at a 
critical doping xα determines the limit of stability of the paramagnet 
coming from large x. For the experimental lattice constants, we find 
A ~ 0.26(x–xα) eV/MB

2 with xα = 0.27.
Figure 3b and c show the behaviour of the quartic and sixth-order 

Landau parameters as a function of the doping concentration x. The 
behaviour is rather smooth and can be simply captured assuming a 
quadratic polynomial expansion except for the OM where a cubic 
term becomes important far from the critical point. For the MS and 
the OM phases, we find that the quartic coefficient B of the Landau 
expansion becomes negative above xB = 0.24 < xα. Therefore, the 
transitions from the non-magnetic state to the MS and OM phase 
are of first order whereas for the SCO state, B3 > 0, and the transition 
is a conventional second-order one. One can judge the relevance of 
the QTCP in the thermal crossovers by computing the height of the 
energy barrier at the point in which the magnetic and non-magnetic 
solutions become degenerate. For the MS, the barrier from the fits is 
nominally ~2 K per Fe atom that is much below the limit of accuracy 
of the computation, thus for all practical propose, the MS-non-mag-
netic transition occurs at a QTCP in LDA. The low barrier reflects 
an almost vanishing metastability range around the transition  
and the physics will be dominated by QTCP behaviour. The OM 
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Constrained density functional. Density functional theory calcu-
lations within LDA are a good starting point to determine a bare 
Landau energy functional as they provide reasonably good esti-
mates of ground state energy differences and of their derivatives 
as demonstrated, for example, by frozen phonon computations in 
strongly correlated systems40. Here we perform analogous ‘frozen 
magnetization’ computations to obtain the energy of the different 
phases and compute the Landau parameters (Methods).

In Figure 2 we show the total energy per Fe ion for the three 
competing phases as a function of the local Fe magnetic moment 
MT and different doping concentrations. The zero of the energy is 
taken at the MT = 0 state. The points are the LDA data and the lines 
the Landau fits. In general, we find that the latter provides an excel-
lent fit to the data, even when MT is not small. For the MS in the 
undoped case (x = 0), the energy curve shows a clear deep minimum 
for MT ~ 1.5 MB (Fig. 2a). By increasing the F-doping, the minimum 
moves to slightly lower magnetization values and eventually disap-
pears for x > 0.3 (Fig. 2b). The energy is extremely flat close to the 
critical point with the large moment state almost degenerates with 
the zero magnetic state and without the appearance of a notice-
able energy barrier. This behaviour already indicates proximity to 
a QTCP and an anomalously ‘soft’ magnetism at the transition. For 
the OM state (c.f. Fig. 2c and d), the behaviour has a more pro-
nounced first-order character. The metastable minimum persists up 
to large dopings with a sizeable barrier separating the large magneti-
zation state from the low-magnetization state. Finally, for the SCO 
state (Fig. 2e), the evolution is that of a typical second-order phase 
transition. We notice that the flatness of the energy landscape close 
to the critical point is a big obstacle for the numerical convergence 

of conventional unconstrained LDA computations, which is over-
come by our constrained calculations.

Ab-initio Landau parameters. From the statistical mechanics 
point of view, the LDA is a mean-field theory. Thus in the second-
order region of the phase diagram, at the LDA level, one should, 
and indeed does, find classical critical exponents. The order para-
meter as a function of a non-thermal parameter vanishes as |x–xα|β 
with BLDA = 1/2 far from the tricritical point and BLDA = 1/4 at the 
tricritical point. The coefficient of the quadratic term corresponds, 
irrespective of the phase under consideration, to the inverse of the 
susceptibility of the non-magnetic phase at momentum (P, 0) or (0, 
P). Thus, a single parameter A appears in equation (1). As a consist-
ency check, we allowed for different values of A in the fits and found 
that indeed A converges to practically the same values as a func-
tion of doping except for x~0 and 0.5 where higher order terms in 
the expansion become important (Fig. 3a). The vanishing of A at a 
critical doping xα determines the limit of stability of the paramagnet 
coming from large x. For the experimental lattice constants, we find 
A ~ 0.26(x–xα) eV/MB

2 with xα = 0.27.
Figure 3b and c show the behaviour of the quartic and sixth-order 

Landau parameters as a function of the doping concentration x. The 
behaviour is rather smooth and can be simply captured assuming a 
quadratic polynomial expansion except for the OM where a cubic 
term becomes important far from the critical point. For the MS and 
the OM phases, we find that the quartic coefficient B of the Landau 
expansion becomes negative above xB = 0.24 < xα. Therefore, the 
transitions from the non-magnetic state to the MS and OM phase 
are of first order whereas for the SCO state, B3 > 0, and the transition 
is a conventional second-order one. One can judge the relevance of 
the QTCP in the thermal crossovers by computing the height of the 
energy barrier at the point in which the magnetic and non-magnetic 
solutions become degenerate. For the MS, the barrier from the fits is 
nominally ~2 K per Fe atom that is much below the limit of accuracy 
of the computation, thus for all practical propose, the MS-non-mag-
netic transition occurs at a QTCP in LDA. The low barrier reflects 
an almost vanishing metastability range around the transition  
and the physics will be dominated by QTCP behaviour. The OM 
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One of the most fascinating open problems in condensed  
matter physics is the appearance of unconventional super-
conductivity close to a quantum critical point (QCP), a 

zero-temperature phase transition driven by a control parameter  
like pressure, charge-doping or magnetic field. The interplay bet-
ween a T = 0 quantum phase transition and superconductivity is 
well documented in heavy fermions1–3 and is suspected to have an 
important role in cuprates4–8 and iron-based superconductors 9–12.

The conventional wisdom is that as the system is tuned close  
to the QCP the main effect of critical fluctuations is to act as the 
pairing glue, responsible for the superconducting phenomenon.6,7,13 
She and Zaanen14 have recently suggested to shift the attention from 
the pairing glue to the pairing susceptibility. This is an insightful 
point of view because, at quantum criticality, the system has a large 
ground state degeneracy, and superconductivity is a natural candi-
date to remove this degeneracy3,15,16. Thus, the enhanced supercon-
ductivity close to a QCP can be seen as the effect of an enhanced 
pairing susceptibility as the QCP is approached, rather than the 
effect of an enhanced interaction.

Layered superconductors based on Fe–As planes with a transi-
tion temperature up to 26 K in LaFeAsO1 − xFx and exceeding 50 K 
in related compounds have appeared as a new test ground for QCP 
ideas. Neutron scattering experiments17 have shown that long-
range magnetic stripe order as depicted schematically in Figure 1a  
develops in the FeAs planes of the parent compound, as predicted 
by density functional theory18. On doping the magnetic order is 
suppressed and disappears at zero temperature at a QCP. The phase 
diagram is strikingly similar to that of heavy fermions where the 
QCP is inside or on the edge of the superconducting dome, which 
strongly suggests that QCP physics has a major role.9–12

Empirically, the magnetic ‘thermal’ transitions indeed show 
two types of behaviour19,20. In some compounds, typical of the so-
called 122 family, like, for example, SrFe2As2, the transition is of first 
order, whereas in compounds of the 1111 family (like LaFeAsO), it 
appears as second order. This gives a first indication that the iron 
pnictides are close to a tricritical point, that is, a point in the tem-
perature–x plane, where x is a non-thermal parameter, and where  
the nature of the transition changes from first to second order. It 
is conceivable, in principle, that, by changing two non-thermal  
parameters, the tricritical point can be driven to low or even zero 
temperature, giving rise to a quantum tricritical point (QTCP) 
where a wealth of unconventional quantum critical phenomena is 
expected to occur.21–23 Although it seems unlikely that a material in 
which one non-thermal parameter is controlled can be tuned to a 
QTCP, as a matter of fact, in recent years, materials have emerged 
which appear to be surprisingly close to a QTCP, and accordingly 
show unexpected phenomena. For example, spiral ferromagnet-
ism in ultraclean MnSi appears at a second-order phase transition 
at ambient pressure with a Curie temperature Tc that decreases  
monotonically with pressure and turns into a first-order phase  

transition very close to the critical pressure pc, where Tc is driven to 
zero. The proximity to a QTCP can be responsible for the anoma-
lously broad and yet not-well-understood region of partial order 
and non-Fermi-liquid behaviour found for pressure above pc

24,25. 
It is believed that, in this material, the lack of inversion symmetry  
suppresses superconductivity and other exotic orders have been 
proposed to emerge26–28. QTCP behaviour has also been proposed 
to occur in Sr3Ru2O7 (ref. 29) and in some heavy-fermion anti- 
ferromagnets. In the latter case one can tune to the QTCP using 
both a uniform magnetic field and pressure. As stressed in ref. 21, a 
remarkable property of QTCP’s is that not only the order parameter 
fluctuations diverge but the susceptibility of the conjugate variables 
of the control fields (like the uniform magnetic susceptibility in the 
latter example) diverge as well.

The nature of the magnetic phase transition in iron pnictides  
can be determined from a Landau order parameter analysis, if 
the coefficients that appear in the expansion are known. Here, by 
identifying all possible and relevant magnetic phases30 close to 
a potential tricritical point, we determine all the coefficients of  
the Landau theory in LaFeAsO as a function of doping from first 
principles, computing total energies in a constrained density  
functional approach31 within the local-density approximation 
(LDA)32–34. Using this approach, we find that LaFeAsO is surpris-
ingly close to a QTCP that will strongly affect the superconducting 
and normal state properties. The resulting effective field theory11 
shows that, at this critical point, an Ising and a continuous order 
parameter vanish concomitantly. A structural transition must, 
therefore, be very close to the magnetic one, as indeed is found in 
the experimental phase diagram of LaFeAsO35.

Results
Landau Theory. We can construct the Landau theory of magnetic 
order in iron-based superconductors on the basis of the assumption 
that the dominant magnetic instability of FeAs planes is at momentum 
(P, 0) and (0, P) where we use a notation with a single Fe per unit 
cell and take the Fe–Fe distance a x 1. A previous study30 has shown 
that a complete characterization of the physics around a potential 
QTCP in FeAs planes requires consideration not only of the well-
known magnetic stripe phase (MS) with ordering wave vector (P, 0) 
or (0, P) (Fig. 1a) but also of a phase in which magnetic moments 
at nearest neighbour sites are at right angles, termed orthomagnetic 
(OM) (Fig. 1b), and a phase in which the real space magnetization 
is zero in one sublattice and forms an antiferromagnetic structure in 
the other sublattice (Fig. 1c). This phase has spin and charge order 
(SCO) and is reminiscent of the charged stripe phase in cuprates. 
Consistently with the expected generality of a Landau analysis, these 
states indeed appear as low-lying energy phases in microscopic 
computations36, ab initio37,38 and density-matrix renormalization 
group studies39.

The Landau free energy, specialized for the three possible ordered 
phases, as a function of their total magnetization MT reads 
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We keep up to the sixth power of the magnetization to account  
for second- and first-order phase transitions. Knowledge of the 
seven coefficients appearing in equation (1) completely determines 
the Landau free energy functional around the tricritical point 
(except for gradient terms)30.

(1)(1)

cba MS SCOOM

Figure 1 | Magnetic orders. Competing magnetically ordered states 
in LaOFeAs. (a) is the well-known magnetic stripe phase. (b) is the 
orthomagnetic phase with the nearest neighbours magnetic moments at 
right angles and (c) is the spin-charge ordered phase.



CONCLUSIONS
We briefly discussed:
• ab-initio calculations: what they are 
• Theoretical  models: many different approaches
• How to combine ab-initio calculations and models
• How to make use of models and ab-initio calculations to obtain useful insights



Challenges for theory 

• Create new materials and systems by design
• Build upon discoveries of new materials:
   graphene, nanotubes, superconductors, magnetic materials…
• Build upon discoveries of self-assembled systems 
• Make progress in understanding biological/complex systems starting 
from the fundamental equations of quantum mechanics

Problems
✓ Bridging the time and length scales
✓ Length – from atoms to nano to macroscopic size
✓ Time – picoseconds to milliseconds
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